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I. INTRODUCTION

Since 1ts introduction in 1923, the interionic attrac-
tion theory of Debye and Hdckel (1) has been applied to the
study of nearly sll the propertieg of electrolytic solutions.
In general, the theory is found to explain the behavior of
solutiones most adequately in & very dilute concentration
range. The deviations of actual solution behavior from the
proper limiting laws ére found to lncrease with increasing
concentration and complexity of valence type, and to be
graaﬁeé for non-equilibrium than for thermodynamic processes.
Certain of these discrepaﬂciea are probably due to over-
eimplificatione in the baslc assumptions of the theory, and
otheres to the approximations introduced taAsimplify the
mathematical treatment.

Varlous attempts have been made to extend the theory to
account for such variables as the change of dlelectric con-
setant with concentration, the formation of complex-ion-
aggregates, hydration, and deviations from Boltzmann distri-
bution of the ions. These extended forme, which will be
disgcussed in & later section of thls thesls, have resulted
mainly in equations containing addlitionsl parameters, which
cen be adjusted for better agreement with experimentsl deta,

but which have little theoreticel significance,



In addition, appliecations of the theory to the etudy of
many eolution propertiee involve various partial differential
coefficiente which are difficult to evaluate. While this
difficulty is not due to lnherent faults in the basic theory,
it hes limited the aprlications to a conslderable extent,
particularly in the application of extended forme of the
theory to those properties involving partlal differentietion
of the bassic equations.

A voluminous literature has evolved on the applicationse
of the interlionle attraction theory. Propertiee of etrong
1-1 electrolytes have been extensively studled in aqueous
solutions and se mixtures of eleotrolytes in aqueous solu-
tions. Considerable study hae also been made of these
electrolytes in nonsqueous solutions and in systems of mixed
golvente. The volume of information on the propertles of
polyvalent electrolytes ie not nearly go extensive, and was,
until very recently, largely confined to the study of 1-2
and 2-1 types of elsctrolytes. This litér&ture, up to 1949,
1s thoroughly reviewed in the monograph of Herned and Owen
(2).

The study of solutions of more complex electrolytes 1is
desirable for two principal ressons. First, the Debye-~Hickel
equation in its extended form 1s found to be & functlon of

the magnitudes of the iloniec charges and the si‘e of the lons.



fecondly, the more highly charged ions allow greater pos-
£1bility of complex-ion formetion and of stronger interaction
between the ilone and polar solvents. Gronwall, LaMer, and
Bandved (3) and LaMer, Gronwall, and Grieff (4) have studied
the expanded form of the Debye-Hlckel equation and found
that, for electrolytes of higher valence types, conslderable
devistions from the limiting laws sre to be expected. The
problem of ionlc assocliation has been studied by Bjerrum (5)
and Fuoss and Kraus (6).

The scarcity of data on the properties of more complex
electrolytes 1le due, in large meassgure, to undesirable prop-
ertlies exhibited by moet solutes of these types. In par-
ticular, these electrolytee show a general tendency to
hydrolyze to & considerable extent, thus leading to greater
difficulty in the interpretation of results. Aleo, the
number of strong electrolytes among the common selte of thise
type is very limited.

There is, however, a group of polyvelent electrolytes
exhiblting meny of the desired propertles. This group
conslets of the salte of the rare earth metale and etrong
scids. These srlte hydrolyze to a slight degree, but not
to the extent generally exhibited by other salte of similar
valence types. Furthermore, there are a number of'other

attractive properties exhibited by this series of elements.



From lanthsnum through lutecium there 1s the possiblility of
e series of 14 salte having a common anlon. Combinations of
theese metale with the anione of the halogen acide, nitric acld,
perchloric acld, and sulfuric acid make available several
extensgive series of strong electrolytes of the 3-1 and 3-2
velence types. MNoreover, the stepwise addition of the 4f
electrons to an inner shell in the rare earth elements leads
to two additional interesting propertiee. These are the
variation in the magnetic susceptibllities of the lons and
the lanthanide contraction or the decrease 1ln atomic radll
with increaeing stomlc number. There are thus available
geveral groupe of rare earth salts in which the physical
properties of the cations very regularly through the serles,
It should hence be posegible to study the properties of
solutions of various electrolytes as functione of the
physlcal end chemicsal properties of the rere earth lons.
Use of these sgalts in the gtudy of solutions has been

limited, until very recently, by the unavailability of the
‘pure salte, Due to the extremely elight differences in
chemical properties from element to element, the individual
elements cannot be readily sepsrated by ordinary chemical
procedures, The classlcal methode for the separation of the
rare esrthe involve laborious and lengthy processes guch as

recryestallizations, By these methods and by taking advantage



of the different oxldation stetes of some of the elemente,
small guantities of & number of the rare earthe have been
obtained in a reasonably pure form. However, only a few of
the rare earth salts were avallable by these means, &nd these
in relatively small amounts.

Large quantlties of rare earth salte, of a hlgh degree
of purity, have become avsilable only since the development
of ion exchange methods of separation. The methode developed
at Iowa Btate College (7,8,9,10,11,12,13,14,15) have made
the rare earth oxides avallable in kilogram-quantities and
of spectrographic purity. |

Prior to the development of ilon exchange methods of
separation, data on solutions of rare earth salts were
limited largely to salts of lanthanum, cerium, praseodymium,
and neodymium (16,17,18). Since the pure salts have become
more available, etudy of their physlco-chemical properties
in aqueous solutions has been extended to include a large
number of rare earth salte and & varlety of propertiles
(19, 20, 21,22, 23, 24, 25).,

The purpose of this research is to extend the study of
euchkaelutions to include the apparent and partial molal
volumeg of some rare earth salts in agueous solutions. The
present study is directed particularly to the lower con-

centration range, up to about 0.3 mdlar, in which the more



common experimental methode are of little value. The
ultimate purpose of this regesrch is to study the appli-
cability of the proper limiting laws to unsymmetrical 3-1
electrolytes, and to ac¢cumulate accurate data for the
spparent and partial molal volumes, the 1ﬁterpretation of
which mey reveal pertinent information concerning the
mechanice of solutions. In particular, it is expected that
such data may prove useful in the interpretation of lonic

asgoclation and of solute~-solvent interactilon.



II. THEORY
A, Thermodynamic Review

The application of the interionic attractlion theory to
the thermodynamlc propertles of solutions requires the usge
of certain fundamental principles of thermodynamics., The
necesgary thermodynamic background will be reviewed in this
sectlon.

The firet and second lawe of thermodynamice may be

combined into the following generalized formula:

dE = Td8 - PaV+ 2 M,any + (9E/dX)g y ny X (1)
i ol B 4

where
ie the 1internsl energy,

1s the absolute temperature,

e 13 =

is the entropy,

is the pressure,

f< v

is the volume,

41z (QE/D ai)s,v‘n}& 1€ the chemical potential,

ny end n4 are the numbers of moles of components i and J,
and

£ is asny other varlable on which the internal energy depends.



Bince 1t 1l¢ often preferable to use other independent
variables, certain new thermodynemic functions msy be defined

as follows:

Heat Content = H= E + PV (2)
Free Energy = F = H- T8 = E + PV - T8 (3)
Work Function = A= £ - T8 . (4)

Zince the free energy, heat content, end work function
are functions of the thermodynamlc state, chsnges in the
valueg of these runctians msy be written as total differen-
tlal equations, Evaluation of the partisl differentlal
coeffliclents in these equations through use of equations

1, 2, 3, and 4 givee:

dH

L H

748 + VAP + Zi/l/idni + (OH/X)g p,y 6X (5)
dF = -8aT + vap+ %x‘lidni + (2F/3X)g p g &X (6)

da

H

-8aT - PAV + 2 Myan, + (3 8/3X)y y y X .(7)
1 L] ¥

From equations 1, 5, 6, and 7, it 1z seen that the chemical

potentisl 18 equal to



i

Ay = (2 E/D ni)g,v,nj,x { aﬂ/ani)ﬁ,?,nj,x

(8)

= (ay/ani)ﬁ‘,?,nj,x = (28/2n4)y ynyx -

The chemical potentisl is an important quentity in
thermodynamlce, being, as ite neme implies, a measure of the
reactlve capacity of the 1th component in eny glven process.
The fundamental sgignificence of the chemical potential was
firset recognized by J. Willard Gibbe who wae able to show
that, for a system of 1 componente in p phases, the condition

for equilibrium at constant temperature and pressure isg

P
'ni- ”q. L B B R I Y
My = Ay = 1

ta “a LUK N B AN 2R N N 4 P

LA AN B R I A I B N O R R I A A B N A

- (9)

'18 n# I A A A I}
ﬂl /”:l. /aﬁ. y

In chemical thermodynamics, 1% is often more convenient to
use two less general functions firet defined by Lewie (26,
27). ‘These functlons are the fugaclty, § , and the
‘activity, &. The fugecity and activity may be pertlally
defined by the following eguations:



10

Y =4 *+ RTIn ¢ (10)

A= 4°+ R 1n a (11)

where 41? and (° are the chemical potentials in the reference
and standard states, respectively.
| The number of moles of the individual lonic speclies in

& solutlon cannot be varied independently due to the require-
ment of electrleal neutrality. Although the individual ions
are of fundamental importance in solution behavior, it is
imposslible thermodynamicslly, to eveluate free energiles,
activities, ete., af the individual ionlc gpecies., It is
advantageous, however, to define certain ionic asctivity
products or ratios.

If an electrolyte Gy Ap _ dissoclates according to the

following reaction:
Chy Ay_ —> JiCi + P_a_ (12)

where
C represents the cation,
A represente the anion,
J: le the number of catione formed on dissocletion, and
L. ie the number of anions formed on dissociation, then

the sctivity mey be defined as
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a=za 'a_,‘)”;: a*'); Dz Jy o+ P . (13)
Substitution into equation 11 glves
/ll':.:'/tl’”-l- R‘I‘ln(ai’* a_’,)*)::/tla-;- Y RT 1n a, , (14)

wherelg& is the mean lonlc activity.

To complete the definition of activity, 1t 1s necessary
to specify the standard state. The cholce of standard state
is arbitrary &ndﬁia generally chosen for convenience in the
particular system under study. In many instances, the stand-
ard state corresponds to & purely hypothetical state. In
these cases a measure of clserity may be gained by defining
the activity in termes of a reference state, that 1s, the
state in which the activity coefficient 1s egual to unity.
It should be emphaslzed that the reference state and the
standard state are not independent but are related through
the activity and sctivity coefficient.

The definitions of activity and sctivity coefficient
depend on the concentration unite used. Since Raoult's law
and Henry's law are expreseed in terme of mole fractione, an

activity coefficient defined in terms of the mole fraction
| is of theoretical interesgt. The rational activity coef-
ficlent ie defined as



»

12

- . L P =1/
T2 E gy, /Ma = (£ . )

(15)

fs —> 1 as Nyg— 0 ,

where all the quantitles except the mean lonlc mole fraction,
B+, have been previously defined, The mean lonic mole frac-

tion is defined by
D w vy
Nem (NP4 p U)W (16)

where N 1s the mole fraction of the particular component
whose activity 1s to be defined.

The concentratione of solutions are nore generally ex-
pressed in termg of molality, m or molarity, ¢, and cor-

—

regponding activity coefficients mey be defined as

Y = ep/me = ( (+D+ A ‘)")l/‘) ;
(17)

Y —> 1 88 Mg — O

y+l)+ ¥ ‘)"‘)1/.)

¥ = aoz/cx = ( :

(18)
Yy ——> 1 88 cx——> 0

In equations 17 and 18

Y+ 1s the practical activity coefficlent,
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Yz 18 the stolchiometric mean lonic molar activity
coefficlent,
Bs 1s the mean ionic molality, and
cx 1le the mesn lonlc molarlty.
The mean ionic molality is defined by
me 2 (02 w77) = m( 1)+')+ ,).,’)”)1/')

v (19)

and the mean lonlc molarity by

oo 2 (e S = (0P DI (a0

Since the chemical potential, &, is lndependent of the

unite in which the concentration is expressed, equation 14
may be written ae

A Ay + D RTIn fx Ne = 43 + DRT 1n ¥y ms

(21)
MG+ DRT Iny, o |

where the supsrsoript refere to the reference state and the

subscript to the concentrestion units used. Furthermore, gince,

me My - Cx My

N 2 DEW + 1000 | Do ¥ + 1000( P - ¥y (22




1k
at all concentrations, and

(23)

e

- 0y 01 =,
10600 1060 @,

=
s
(]
5
=
§
f
=

at infinite dilution,

My =4 ; + RT 1n 1000/M;
’ (24)
M, + BRT1n1000 €4/M

where
M3 ie the moleculsr welght of the solvent,
¥z is the molecular weight of the solute,
Po is the deneity of the solvent, and
L 18 the density of the solution.

Equétimns “1 and 24 may be combined to glve

ln fx = 1n Y3 + 1n (ma/Ns)(M;/1000)
(25)

i1

In yp + 1n (ox/Ns)(My/1000 @p)

a8 the relation between the activity coefficiente in in-
finltely dilute solutlons.
Combination of equations 22 and 25 results in the follow-

ing general relationshipe between the activity coefficlents:
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Infz = 1n ¥z + 1n (1 + mJ M;/1000) (26)
In £, = Inys + 1n[( €/0 ) - ol My-H5)/1000 €o] (27)

ln Y3 = 1n yg + 1:1[( €/ @y) - oMy/1000 es] . (28)

The rational activity coefficlent, f3, will be used to
dariire most relationships used in this theels, but this may
be converted through use of the interconversion equations
26, 27, and 28,

If G 1s any extensive thermodynamic variable; that is,
if G 1g & funotion of the number of moles of the component
present, the corresponding partiel molal quantity Gy is
defined as

Ty =(36/2 ni)T,P;nJ . (29)

In this expression, ny refere to the number of moles of the
varlable component i, ny to all the other components which
are held constant, while T and P are the absolute temperature
and pressure, aleo held constant.

It should be noted that, while G is an extensive
property, the psrtial molal quantlty G4 is an intenslve
property.
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For & multicomponent system, multiplication of the
number of moles of each component by a constant, k, results
in an increase of the property G in the ratio of k, i.e.,

G‘(knl, kny, ...v...kni) - k@(nl, ng, .....ni_) . {30)

Thie ie the condition for a homogeneous function of the first

degree, to which application of Eulert!e theorem gives

ny (2 6/d nl’?:‘,?.nj,x + npy(da/9 nZ)T'}?,nj,x +

(31)
ceeneny(0G/9 ni)T,P,nJ,X =G .

The partisl differentiasl coefficients of equation 31 are de-

fined as partisl molal propertlee by egquation 29. As & result
Differentiation of equation 32 gives

n ﬁal + ﬁl‘dnl + no dﬁg + Ea dngp +

o (33)
-...‘ﬂi ﬂﬁ'i"" @‘i dni - d(} -~
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Since G 1s a thermodynamlic function, varistion in G may be

written as & total differentisl. At constant temperature

and pressure

ac¢ = (2 6/9 nl)fi‘,‘z‘«*,ni,x dny + (2 6/2 ng)%p*né,x dnp +

(3%)
...a..( G/ ni)Ts?;nJ;X dny
=8 dny + Gpany+ .....04 dn, . (35)
Combination of ecguatione 33 and 35 glves
ny 46; + np d@,+ .....ny dG4 =0, (36)

& familiar form of the Gibbe-Duhem equation.
For a two component system, such as those studled in
thig thesgie,
ny d@l = ~-np d@g (37)

and

ny @i + ny a& =& . (38)
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It is thus necessary to determine Gy experimentally for only
one component of a %two component gystem slnce the value for
the second component can then be obtained from equation 37
by anslyticel or graphical integration.

There are many other thermodynsmic relationships in-
volving pertisl molal éuaﬁtitlaﬁ, For example, the partial
molal free energy is related to the chemical potentlal
through equation 8 and hence, through equations 10 and 11,
to the fugecity end the activity. In particular, if the
paertial molal property 1lg the partisl molal volume, Ez, we

have from equation 6
- 0 - o
Differentiation of equation 39 with reepect to ny glves
- - s}
This expregsion will be uged to relate the pasrtial molal
volume to the Debye~Hlckel equations.

The apparent molsl quantities,‘derined as

¢G’ = (G - nl E.i)/ng s (L"l)
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are related to the partisl molal quentitlies by

@z (26/0 nz)@',?,n_, = npl 2 Pg/d ng)@.y’nd-f- bg . (42)

The apparent molal quantities have the advantage, as
willvbe ghown in a later section of this thesls, of belng
more easlly determined experimentally. Partial molel quan-
tities may then be obtalined from the apparent molal guantities
by analytical or graphlcal methods.,

B. Interionic Attraction Theory

The development of the interionlic attraction theory to
ite present state of usefulness was based upon a relatively
gelmple physical model and effected through the use of ele~
mentary principles of electrostatics, hydrodynamics, and
statistical mechanics. However, the essentlal concepts of
lonizable solutes and of mutual interactions between the
ions did not spring full grown to the ald of sclentists, but
were born in an orderly fashion &8s a consequence of system-
atic invegtligatlions and sclentific intuition. ‘

In the latter decadec of the nineteenth century, phye-
ical chemistry wae rspidly developing into an important

branch of sclence with a great amount of interest centered
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on the freezing polinte, boillng polints, osmotic pressures,
vapor preesures, and electrical properties of solutlons.
These properties were found to obey certain limiting

laweg. Such relations as

Y = nRT , (43)

where

Il is the osmotic preseure,

Y is the total volume of the solution,
n ie the number of moles of szolute,
B is the gas constant,
T is the absolute temperature,
and
where

ATa 18 the elevation of the boiling point,

Kg 1e a constant, cheracteristic of the solvent, and

X2 is the mole fraction of the solute,
were found to represent the behavier; with & reasgonable
degree of accuracy, of s large number of solutes in extremely

dilute solutions. Concurrently, it was found that for many
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solutees the deviations of these properties from the limiting
laws were much greater than experimental error.

An important a&vance in the theory of solutions was made
by van't Horf (28) wﬁo;éiseovera& that solutions exhibiting
abnormal colligative properties were also good conductors
of electricity. In an attempt to give quantitative expres-
slon of such behavior, van't Hoff introduced a paremeter,
the van't Hoff )i fector, into equation 4#3. This factor was
intended as a correction for all deviations regardless 6f
the source and had no particular theoretical significance,

The seme initlal volume of the Zeitechrift fur physik-
alische Chemie {February, 1887) which contained the papers
of van't Hoff, contalined aleo, the firet publication by E.
Arrhenius (29) of his theory of ionic dissociation. Arrhenius
postulated that when an electrolyte ig dissolved in water,
it dlesociates, tv & varying degree, into poesitive and

negative ions In the followling menner:

Cy, Ay,_. —>  UCe + J_ A .  (45)

E

If o¢ 1is the degree of diseociation, a solution containing

n molecules of solute in & specified volume willl contain &

total of n{l - o + Jof ) particles. This total is made up
of n{l - ) undissoclated moleculee and _J<_n ions.
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Arrhenius further demonstrated, that if the theory of van't
Hoff concerning osmotic pressure wers valld, the following
relationship should hold:

j_:sll*“n+‘3°‘):1~c<+¢>o( . (46)

The value of 1 can presumably be calculated from dats for
any colligetive property. Arrhenius used the ratio of the
observed to calculated freezing point depregssions for the
calculation of o. In addition, Arrhenius assumed the degree
of dissociation, ¢, to be equal to the ratio A/AQ, where
A 1s the equivalent conductance at concentration g and A
is the equivalent conductance at infinite dilution.

More numerous and more preclse datas on the behavior of
electrolytes clearly indicated that the Arrhenius theory was
not wholly adeguate to explain the behavior of all electro-
lytes, even in moderste dllutlon. The beshavior of weak
electrolytes, such as most organic acilds and bases, was
found to support the theory, wheress solutlons of strong
electrolytes, i.e., strong aclde, strong beges, and many
salts did not yleld results compatible wlth the theory.

Although the Arrhenius theory fell into considerable
disrepute following its fallure to predict the behavior of

strong electrolytes, it provided a tremendous impetus to the
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gtudy of solutions. The two principsal assumptions of the
Arrheniue theory were that ions exist in solution and that

the lone behave independently of each other, acting as ideal
gsolutes slong with the undissgociated molecules. The second
of these assumptiones has now been superseded by the concept
of the totel lonlzatlon of strong electrolytes, the deviations
from ideal behavior belng attributed to intersctlons between
the lons. Thé firet sgeumption wag an important advance in
the study of electrolytes and provided the foundation of all
modern theorles.

J. J. van Laar (30) was the firet to clearly point out
that ions cennot be expected to behave as ldesl solutee, due
to the strong electrostatic forces acting between them. This
viewpoint wae accepted and emphseized by Sutherland (31) and
N. Bjerrum (32) who postulated that the electrostatic attrac~
tion was sufficlent to account for &ll the behavior of
golutione of strong electrolytes. Hertz (33) and Ghosh (34,
35,36) attempted unsuccessfully to formulate mathematical
expresslon of the interionic attraction. In 1912, Milner
(37) was successful in his analysis of the problem but his
mathematical treatment was tedlous and the results not wholly
adequsate.

In 1923, Debye and Hfickel (1) introduced the concept of

the "ionic atmosphere® and through use of Polsson's equation
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effected a solutlon of Milner's equatlon leading to exact
relatione for the behavior of electrolytes in very dilute
solutions.

In the following trestment of the Debye-Hickel theory,
eny development pertaining to non-equilibrium processes will
be ignored except that necessary for application of the theory
to egquilibrium processes. A completely generslized treatment
of the theory may be found in the treatise of Harned and
Owen (2).

The fundemental assumptions of the Debye~Hilckel theory
are:

1. Strong electrolytes are completely ionlzed in

golution,

2. All devietione from ideal behavior may be explained
on the basls of coulomble attractions between the
lons.

3. The solvent is a uniform medium with a uniform
dielectric constant.

b, The time average charge distributions obey Boltzmann
statistlies,

5. The Poisson-Boltzmann equation may be solved by use
of an exponentlal expansion, which converges suf-
ficiently rapldly so that higher terme may be
neglected,
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Assume an electrolytlic solution containe ny, N2, B3, ...
hg lons per cuble centimeter of the specles indicated by the
sucscripte with charges e}, €2, €3, .... €g respectively,

Bince Coulomb forces, eiaj/ﬁrz, act between all pairs
of lone separated by & dietance r in a medium of dlelectric
constant D, the motlon of the lons wlll not be independent.
ke & regult, the presence of one lon will influence the
distribution of all other lone and esch lon will be surrounded
by an lonic atmosphere containing, on an average, a slight
excess of charges of the oppoesite gign., For a guantitative
descriptimn of such a system, an anelytlcal expresgion for
the lonic distribution is required. ’

If it is assumed that, under the influences of the inter-
lonlic attrection and thermal motion, the lons follow & Boltz-

mann distribution, the distribution factor will be given by
ny =ny e t1¥/mr (47)

where Y 1s the electrecetatic potential, k 1s the Boltzmann
constant, T 1s the absolute temperature, ny is the concentra-
tion of % ions, &“d‘fil is the time average concentration of
i lons in the vicinlty of a ] lon.

The cherge deneity, £, for an electrolytic solution

is equeal to
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8 -
Pz Z N8y = Z nye” 1 W ey ., (48)
i=1 izl

where the summation ie over all the kinde of ions in the
solution. An exponentlal expansion, and the neglect of

higher order terms gilves

8 8
P Z niei(l - %) = Z (niei ~n;&13§%”-) - (49)
izl i=1

This approximation is valid only when €4 1e small compared
to kI. Thle condition is approximstely fulfilled at very
low concentrations for electrolytes of simple valence types.

The condition of electrical neutrellity requires that
g
Z Hi@i - 0 ¥ (50)

i1

and the charge density becomes
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B .
izl

In & medium of dlelectric constant, D

-t

the potential,
)., and charge density, P, are related through Polsson's

equation
v.v¥ - AL (52)

The Laplacien operator, V - \7 , may be expressed in any
convenient epace coordinstes.

In the mbsence of external flelds snd of concentration
and velocity gradlients, the lonic atmospheres ere spherically
symmetrical, and the potential, W , 1s a function of r only.

Under these conditions, equstion 52 becomes

8
; T i .
L (8 - R Y e S ()
' i=1

Replacing e§ by Zféﬁ? where Zj 1s the valence of the ilon and
€3 is the electronic charge, and defining the quantity X by
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8
2
k2= 48 > gl (4)
izl
glives
1, 2. (2 2 |
A xS =1 = KV . (55)

Integration of equation 55 gives
Yoz d— 4 e, (56)

where A and 4! are integration constante which must be
eveluated from boundary conditions.
Since |/ must equal zero for an infinite value of r,

4! must be zero and the velue of the potentlal becomes
o KT

A second boundary condition requires that the electric fleld
must be continuous. Thus when r ls equal to the minimum

distance of closest apnraaah,‘gi, the field of the ion and
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1te atmoephere, ( D W/dr), must be equal to (-2, € /Dr?),

the field dus to the ion alone, From sguation 57

%—%a ~-$gﬂ"k“ (1+ kr),

and in order to satisfy the boundary condition

) ) - X "
éﬁmaiaﬂﬁa M+ k&ijzwﬁt{ )

Thus
kay
- L€ e
bzl sdar

SBubstitutlion of eguation 60 into equation 57 glves, for

r = a4,

= Z1€. € T—.l—R-—— ; v
-y, Dai i+ aqy '

which may also be written as

€ _ 7

(58)

(59)

(60)

(61)

(62)
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The term (23 € /Daj) gives the potentisl due to the charge

on the central lon alone, and is independent of the concentra-
tion. The second term on the right hand eide of equation 62
is the potentlel, W', due to the lonlc atmosphere and is

e function of the concentration.

The quantity l/k has the dimenslone of length, This
quantity, called the Debye length, is & messure of the
distance from the central ion et which the maximum of poten-
tial occurs. This distance 1s s function of the concentration.

The eleetrical contribution to the work content is glven

by
8 4y
w(ﬁl) = A &(31) = Z S -y/'ﬂe. (63)
izl 0

From equations & and 63, it follows that

O AAlel)
AU 1(e1) = ( ny SV,T = Y tae. (64)

(¢]

Integration of equation 64, which corresponde to charging
the lon (38,39) by incremente de in the presence of a poten-

tial ¥4', due to an existing lon atmosphere, gives
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. - 2f€ %
A 1(e1) = g% "TT R a5, (85)

The chemicsl potential of the ith constituent le defined

&8
Ay A3 + BT 1n f3 + RT 1n N, (e6)

in which f3 1e the activity coefflclent and Ny is the mole
fraction. Thie can be divided into two parts such that

Ay = Adly(1ae01) T DA (1)

, (87)
where
AAfy(10ea1) = BT 1n Ny (68)
and
Aj/i(gl) = RT 1n £3 . (89)

Equation 68 1l an expression for the chemical potentisl of

an 1desl aolutian, which presumably would apply to a solution
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of electrolytes were it not for the lonic charges. For a

single ion, equations 65 and 69 give

Ada(er) = KT 1n £y = - 245 X (70)
or
- ue? X (71)
;n L=t T ke

The definition of ), equation 54, containe the quantity
S ny ?. This quantity is related to the molar concentration,
&3, of ion specles i by

B 8
2_ 2 ;
z nizi = 7066 Z 424 (72)
i=1 izl

in which N 1s Avagsadro's number.

The lonel strength, 1!, is defined as

T = Z oizi: 2w, (73)
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where () 1s the lonic strength defined by Lewis and Randall
(40) as

DER 2{: eiﬁi . (74)
=1

The combination of equations 54, 71, 72, and 73 gives

1nry = 222e% ( Tne?\h (75)
1= "kt~ (7000 Dkt znrzaezjij— )
000 Dk?T
Teking the logarithm of eguation 15 gilves
8
in f3 :% E Dy In gy . (78)
i=21
Hence,
L]
Vi
in 4 = £ (77)
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where
o B
t_d 2[rne® \1/2
$:=3 > a 33-(?@6’(?:@33 (78)
iz
and
,.,hﬂTHez 1/2 0
A _.(m\) a . (79)

Converting to common logerithme and substituting valuese

for the physical conetants glves

where

g 4
$: - 1200550 3o° 205 Def . (e
i=1

Equation 80 1s the most generslly useful form of the
Debye~Hlckel limiting law.
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A number of attempte have been maede to extend the Debye-
Hickel theory to give better asgreement with experimental data
for solutions &t higher concentratlons and for electrolytes
of more complex valence types.

Gronwall, La Mer, snd Sandved (3) and La Mer, CGronwsll,
and Griefr (4) have studied forms of the fundamentsl Debye-
Hickel eguation in which higher terms of the exponentlal
expansion are retained. The results of these studlee indicate
that for symmetricsl electrolytes of high valence typese, for
electrolytes whose n° values are low, and for solvents of low
dielectric constant, departure from the 1imiting law should
be found. The predlcted departure from the limlting law ie
much larger for unsymmetrical valence type electrolytes, even
in & sgolvent of high dilelectric constant.

Ionic association or the formation of ion pairs was
studied by N. Bjerrum (5). By assuming the lons to be rigid
unpolarizable spheres in a medium of uniform macroscoplce
dielectric constant and by lgnoring non-polar quantum bonds

and lon-solvent intersction, Bjlerrum arrived at

. 2
P = i% [axp(%ia.)} 4T plar (82)
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as the probabllity distribution function. In equation 82 P
ie the probebility and p ie the dletance measured from the
center of the ] lon.

If the L and ] ione are of oppoeite charge, the prob-
abllity es glven by equation 82 exhlbite & minimum at

Pimin) = @ = J%f%g%%iL . (83)
Bjerrum asgumed that two lons at & dlstance r< g are assoocl-
ated. For 1l-1 electrolytes in water at 18° C. the minimum
occure at 3,52 angstroms, According to this hypothesis, 1-1
electrolytes for whioch the mean dlstance of closest spproach,
.gz, iz lees that 3.5 sngstroms will form lon pairs while for
gimilar electrolytes with values of a° greater than 3.5, the
Debye~Hickel theory should hold.

The theory of ionlc essoclation has been extended by
Fuoes and Kraue (41,42,43) to include the formastion of triple
and quadruple ione.

The effect of concentration on the dielectric constant
of the solvent was considered by Hickel (44). By aesuming
the dielsctric constant of the medium to vary linearly with

the ion concentration, Hickel obtained the expression



37

log fy z%— + BT |, (84)

in which B 1s & parameter to be determined from experimental
data.

A quadratlic term in ¢ has been added to an extended form
of the ﬁabgewﬁﬁekei equation. This term ig besed on a sug-
gestion by Onseger (43) that repulsive force terms might be
expresced by a van der Waasls co-volume correction. This ldea
was further developed by Van Rysselberghe and Eisenberg (46,
47).

G. SBcatchard (48,49) made an extensive theoretical study
of concentrated solutione of electrolytes with particular
interest in the alkall halidee. Eoatechard's equation for the
activity coefficient containe two parameters and requires
knowledge of the molal volume, dielectric constant, valence,
effective salting out radius for each lon, the effective
collision dlameter of & pair of ions, and the molecule~
molecule interaction coefficlent,

Although most of the extended forme of the Debye-Hickel
theory, discussed in thls section, are based in part on
theoretical considerations, the better agreement with ex-
perimentel results is due largely to the presence in the

equations of a larger number of adjustable parameters,
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Two recent advances in the theory of electrolytic solu~
tions appesr capable of providing more sccurate descriptions
of concentrated solutions. In both instances the physical
models differ slightly from the Debye~Hickel model and other
dlstribution factors are substituted for the Boltzmann factor.

A Fermi-Dirac form of ion distribution function has been
deduced by Dutta and Bagehi (50,51,52,53,54). In deriving
this disgtribution function, the avallable configuration space
wags divided into elementary cells of a slze determined by
the volume of exclusion of the lons. The assumption that
only one particle can occupy a cell, and spplication of
gtandard methods of statistlcal mechanles gave the dlstribu-

tion functions:

z S ; » XN
Ur % p, elr €P/ET oy 0 M-S RUTE PRI ) - (83}

In equations 85, N is the total number of lone per unit
volume, n; and n. are the number of positlve and negetive
iong per unit volume, Z; and Z. are the valences of the
positive and negative lons, _Y/_ 1s the potentlal at any point
around a central lon, and Ay and A. are constante. The con-

stante were evaluated from consideration of the lonic
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concentration at an infinite distance from the central ion,

l.e., where ) approaches zerc, and found to be

A+:%~f~;mw-§=:. (86)

Bagehl (54) applied this distribution function to the
calculation of activity coefficients for strong electrolytes.
For 1-1 electrolytes the values agree very well with experi-
mental values up %to & concentration of about 4 molar, For
polyvalent electrolytes, the agreement is not as satisfactory
even in dilute solutions.

The second recent modification in the dietribution fune-
tion for ions in solution is that due to Eigen and Wicke (55,
56,57, 58a, 58b) who have shown that it is possible to extend
the Debye-~Hickel theory to higher concentrations by replacing
the Boltzmann factor by another distributlon function in
which hydretion and volume effects are taken into considera-
tlon. For strongly hydrated lone, this new distributlon
function has the form

np | Na - nsx e:‘,(Zel//(:t-)/ls!r)
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where

hy 1é the number of lons per cubic centimeter at a
distance r from the central lon,
bz 18 the average number of lone per cublec centimeter
at a distance r =z oo from the central lon,
K& is the number of posslible lon-sites per cublec centi-~
meter, and

W(r) is the electrostatic potentlal at a distance
from the central ion.

The number of poseible lon-sites Ni 1s gilven by

Ny = (:q*‘)" N,,D” oo (88)
where
Ny o= 58 W= 2 . (89)

The quantities y; and v_ are the volumes of the hydrated
ionse.

The distribution funection, equation 87, corresponds to
an equilibrium between the lons and vacant lon-sltes of the

form

Ton(,y + Ion site(,, ) <= Ioni,y + Ion site(,) (90)
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for which the free energy of exchenge is equal to Z € ¥ (r).
The concentration of lon-sites at a distance pr from the
central ion is equal to (Nz ~ npe) and the concentration at
infinity is equal to (Nt - N ). Application of the law of
mass action leads to equation 87.

Eigen and Wicke have applled this dlstribution function
to the mean lonic sctivity coefficlents of halogen aclds,
lithium halides, magnesium chloride and other electrolytes

and have obtalned excellent agreement.

C. Partial end Appsrent Molal Volumes

1. Introduction and theory

Partial molal volumes are relsted to the mean ioniec
activity coefficlents through fundamental thermodynamic
relationeshlps.

Equation 40, namely

Q(Fyp - 3 — |

combined with equations 6, 14, and 15 gives

¥, - Vo= DRT ii%?pgs . (91)
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Substituting from equation 77 and performing the indicated
differentiation gives

- o _ vﬁ' W‘V\ﬁ:' :
Ve V2 Ty s T 0w a2z 0 93

whers

$’V‘ T 2.303 Y RT $f . é(l—‘g’g‘“‘bl?, D “B) s (93)
Wy = 2.303 D RT By 4 (——333%—2 - 3—%1%-4‘%3— -,8> , (94)

and
B=(d1n T/3P)y . (95)

In order to apply equation 92, it 1g necesgary to have
data for the partisl differential coefflcients. Vhere these
data are not available the equation ig generally used in the

form

or in the extreme limiting form



V,-W= b = Svv® (97)
where
Sez $oixg ot . (98)
Numerical values for the coefficlient of compressibility

,Bx Qlin T /OP and for Jin D/J P are known for water at
25° G. Although these coefficients apply, in a strict sense,

to the propertiee of the solutione, substitutlon of the
velues for water probably does not introduce serlous errors
for solutions at moderate concentrstions.

The apparent molal volume,

g = v-m% , (99)
ny

may be expressed as a function of the concentration and the
various parameters of the Debye-Hflekel equation. From

eguation 99, on differentiation,

-?.gﬂﬁézh): Yo |, (100)
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By = 53 ¥, an, . (101)

Substituting for V, from equation 97 gives

2
Pv = %’;§ S‘ (VZ + S¢V@) dny ::% (T + Sye) am. (102)
0 0

For extremely dilute solutions, for which g~ m,

-
<

1§
ol

(V5 + S @) ae (103)

which on integration glves
o= o+ (2/3) S8 =05 + Sy , (104)

where iy = V3 and _§g = 2/3 By, as the limiting expression

for the apparent molsl volume, Thls equation wae first de-

rived by Redlich and Rosenfeld (59) although an empirical
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relation of the same form had been observed by Masson (60)
et an earller date,

It is interesting to note that the slope of the limiting
law for the apparent molal volume is equal to 2/3 that of the
limiting law for the partisl molal volume.

2. Methods for calculstion of partiasl molal volumes

There are a number of graphical methods for the calcula-
tion of partial molal volumes.

The most qbviaua method, sucgested by the defining
equation for the partiel molsl wvolume, consiets of determining
the slope of ¥ ve. np curves. If ¥V ie the total volume of
e solutlon containing np moles of polute and & constant
number of moles, By, of solvent, the slope of the curve at

any concentration ng gives the partisl molal volume,

“V”EZ = ( 3"/3“2%,@,%, of ecomponent 2. Thls method ie not

capable of glving resulte of high precision due to the 4ir-
ficulty of sccurately determining the eslope of the curve at
any glven point.

A second grephical method, the chord-area method (61)
is capable of giving more accurate values of partisl molal
volumes from data on total volumee as & functlon of molellty.

This method requires the calculation and tabulatlon of values
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of ng, V, AV, Anp, and AV/An,. Values of Vp may be ob-
tained from & smooth curve drawn through the chords of a plot
of 4V/Anp ve, np. |

The graphicsl method of intercepts (62) ylelds values
of V, and V; from one grephical plot. The molal volume,
v = V/(n; + ngl, of the solutlon is plotted ageainet the mole

fraction, N = np/(n3 + n2). If, for any value of the mole

frection, §3, a tangent is drswn to the curve, the intarcept
at Np = 1 gives fg and the intercert at Nj = 1 gives fi
for a solutlon of composition N». This method suffere from
the common defect of most graphical methods, the difficulty
of accurately drawing the tangent to & curve at a given point,
An anslytical method may be used for the calculation of
partlal molsl volumes whenever the total volume of the solu-
tion can be exprespged as an algebralc function of the compo-

gition., If
Vza+ bn, + eng +anf (105)

where 8, b, ¢, and 4, are emplirlcally determined parameters,

differentiztion givee

- oV r-1
Vo = pod ' . 06
2 (1;;5 T.?;nj b + 2enz + rdny (106)
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This method 1s capeble of glving sccurate results provided
the experimental data are sccurate and sufficiently numerous
to permlt precise evalustion of the parameters by least-
square methods.

The apparent molal volume 1s & convenlent function for
use in the cslculation of partisl molal volumes. Furthermore,
epparent molal volumes are eaelly calculable from experimen-
tally determined density dats. For use in the celculation of
partial molal volumes, apperent molal volumes are usually
expreesed as a function of & power seriesg in the concentra-
tion of the form

1/2

fe=a+ be’“+ oem+ ..... kn" (107)

with emplricelly determined constants &, b, &, ..... K.

Application of equation 100 then gives

= . )
vz = m(-S%?)T,?,nJ t gV
= & + (13/2)131111:"/2 + 2cm + .‘..,[(r/?.) - 1]1{51”. {108)

Accurate measurement of the volume of a liguid and
particularly of & small chenge in volume is very difficult

to achleve. However, since
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V= wAé (109)

it is posgible to determine the 701ﬁme, V, from measuremente

of the deneity, €, and the weight, ¥, of the liquid.
Apperent mplal volumes may be resdily obtained from

meagurements afadansity or specific gravity. If the quanti-

ties V. = (mMy + noMs) /e , ?ﬁ = ¥/0,, and n, = nyMym/1000

are substituted into equation 99, the apparent molal volume

ie glven’ by

#y = M"g{? ( --%J~)+ % ' (110)

where Mo ie the molecular weight of the solute, jig ig the
density of the solvent, and  1s the density of the solution
of molesl concentration m.

BSince the molal concentration, m, and the moler concen-

tration, ¢, are relsted by

1 1 M
T T EC T TooeT (111)

the apparent molal volume msey 2lso be expressed as

gy = 222 (1 - -gg) + ’_‘éa . (112)
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The messurement of epparent molal volumes 1is thus resolved
Into the accurate determlnation of the densities or the

gpecific gravities of solutions.

3. Determination of deneity or specific gravity of solutions

Differentiation of equation 112 with respect to the

specific gravity, 8 = EZEQ, gives

afy = - 2929 ag | (113)

The uncertainty in @y due to error in the messurement of the
speciflc gravity, 8, is thus seen to be a function of the
concentration, ¢, with the relative uncertainty increasing
with decreseing conecentration. For a concentration of 0.001
melar, an error of T 1 x 10“6 in £ results in an uncertalinty
of ¥1.0 cubic centimeter in fy. But the values of Jy for
.eolutione of extreme dilution are of partlicular lmportance.
The 1limiting law for spparent molal volumee, equation 104,
mey be expected to hold only for very dilute solutions and
the limiting velue of the apparent molal volume,‘ﬂg, must

be obtained by extrapolation to infinite dilution. It 1is
therefore imperative that the speciflc gravity be messured

by & sensitive and accurate method.
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A large number of methods have been developed for the
determination of the specific gravities of liquids. These
methods vary in sccuracy from the moet simple type of
pycnometer or specific gravity bottle with & preclsion of
agbout 10,001 to ﬂilatometric and magneticslly controlled
float methode with an accuracy of about t1 x 10~7. The vari-
ous methods are reviewed by Bauer in Physical Methods of
Organlic Chemietry (63). The advantages &nd dieadvantages of
each method are given as well asg the accuracy to be expected
from each method under optimum experimental condltions.

The method adopted for the present study ls that of the
megnetically controlled flost originally developed by Lamb
end Lee (64) and eubeequently improved by Geffcken, Beckmenn,
and Kruls {(65) and by MacInnes, Dayhoff, and Ray (66). This
method, which will be described more completely in the experi-
mental sectlon of thle thesls, has the advantage of belng ae
sensitive in the dilute concentrstion renge a8 in solutions

of high concentration.

wrent molal volumes

Volume chenges which accompany the dlesolution of matter
and chemicel reactione in & liguid phase have long been known

and have been the sublect of much study. Both partiel and
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apparent molal volumes had been extensively studied before
the advent of the Debye-Hlckel theory and various interesting
interpretations had been offered. However, it wae only in
1929 that D. 0. Masson (ﬁﬂ)ldlacoverea the apparent molal
volume of strong electrolytee to be a linear function of the

gquare root of the molar concentrsation, i.e.,
g, = a + pol , (114)

where g and b are characterietic constents for easch salt.
Wade (67), in 1899, narrowly misseed obtaining this equation,

expressing the resultes of hig measurements in the form

d-1
#y = Const. + m " (115)

where n 1s the concentration in gram-equivalents and d and

I are conetante chsracteristic of each s8lt. In this case,

however, the quantity 4, as determined by Wade, is almost
consetent for all strong electrolytes, having & value of about
1.5 for strontium chloride, calcium chloride, lithium chloride,
end hydrochloric acid, and valuee of 1.64 for potassium
chloride and 1.70 for sodium chloride. It is of interest to

note that Wade obtalned a value of 4 equal to 2.0 for cane
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suger thus anticlpating the discovery that @y for non-

electrolytes varies linearly with ¢ rether thmn‘wlth‘gﬁ (68).
A, F. Scott (69) applied the Masson equation to the

data of Baxter and ¥Wallace (70) for solutlions of 15 alkall

halides and found excellent agreement. Scott found additivity

relstionships for b, such asg

bﬂﬁl‘ hMBr = constant
and (116)

Prix- bygx = constant

to hold to within about 1£0.07 cubic centimetere.

La Mer and Gronwall (71) also used the data of Baxter
end Wellace to develop empirical equations for the partial
molel volumes of the alkall halldes. They aleo found
additivity relationshipe to hold for partisl molal volumes
at infinite dilution.

The data of Baxter and Yellesce were obtalned from rela-
tively concentrated sgolutions &g were those of Geffcken (72,
73), Kéhner (74), Huttig (75), Hdlemen and Kdhner (76), and
£hibata and Héleman (77). In every cace, except for the
lithium helides, Masson's equation represents the dats ex-

tremely well over the concentration range measured and for
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temperatures from 0° to 70° C. The constant b is specific
Tor each salt and is a funotion of the temperature.

In 1931, Redlich and Rosenfeld (59) derived an expres-
elon for the appsrent molal volume, Py, from the Debye-Hickel

theory. Thie equation,

Pvz9v+ 2 S =97 + Sy, (117)
where
’ 3/2 (118)
oy 6 2 ’
Sv= da (p;ﬁ??ﬁ? (33:&? “ "B) (Z ) 123)
izl

1naic&téa that for a given temperature, pressure, sand solvent
the limiting slope should be the game for all strong electro-
lytes of the seme valsnce type.

At the time thie equation wae derived, the accepted
velues for the fundamental phyeical constants and the best

available data for (D1n D/JP) and [3 gave & value of 1.86

for By for 1-1 electrolytes in water at 250 ¢,

In order to test the limiting slope, B4, it is neces-
sary to have mccurate data for solutions at high dillution.
Geffcken, Beckmann, and Krule (65) developed a differential
float method for the determination of relative densitles
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with & very high precislion., The effect of variations in
temperature wes minimized by the use of duplicate float sys-
tems for the simultaneous measurement of the densltles of
the solution and of pure sgolvent.

The data obtained by these authors and by Geffcken and
Price (78) appeared to verify a limiting slope of about 1.9
for 1-1 zlectrolytes in aqueous solutione at 25°C. The

function Gy -~ 1.9 Ve _was found to be reasonably conetant.

Additional date by Redlich and Bigelelsen (?9.80)/ana
Redlich and Eﬂﬂlsen (81) appeared to substentiate a yéiua of
about 1.9 for the limiting slovpe. |

However, there are some strong l-1 electrolytes whiech
d1d not appear to give thie elope even in very dilute solu-
tione, The limiting slopes for solutions of ammonlum chloride
(82), ammonium nitrate (78), and hydrochloric acid (73,83)
apoeared to be closer to 1.6.

According to equation 118, the slope of equation 104
for 1-2 and 2-1 type electrolytes ehould be equal to

| | 3/2
Z 1/2) 1zf> = (3)%/2 (119)

timee the slope for 1-1 electrolytes. The slope for 1-2 and
2-1 type electrolytes should thus be equal to about 9.9.
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Data obtained from moderately concentrated solutions of
moet electrolytes of these typee were found to heve slopes
which were specific for esch salt (78,84,85,86,87,88), while
accurate data for strontium chloride (89) appesred to conform
to equation 104 with a slope of 9.9 in extremely dilute
solutions.

There are only & few data in the literature for partlal
and spparent molal volumes of salte of more complex valence
types. The epparent molal volumes of cupric sulfate (82)
did not appesr to aprnroach the theoretlcal limiting slope
while the 1limiting slope for nickel sulfate (90) appeared to
be in excellent agrecment.

Data for electrolytes of more complex velence typss are
too fragmentary and were messured at such high concentrations
as to be of no value for testing the limiting law.

Within recent years, changes in the accepted values of
the fundamentsl physicsl constants (91) and in certeln em-
pirical equatlons representing the pressure (92,93) and
temperature (94) dependence of the dlelectrie constant have
resulted in changes in the caloculated values of the various
limiting slopes. On the beels of these changes, Owen and
Brinkley (95) have receloulated the slopes and have found
that the theoretical value of S8y for 1-1 electrolytes at
25° ¢ ghould be about 2.5 rather than 1.9.
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By utilizing the Debye~Hickel equation in the form

1/2

e
log fy = - é—f——m + Be , (120)

Owen and Brinkely (95) derived an extrspolation formula for

the apparent molal valume,‘gz of the form
2 1/2 1.
e - % Svﬂva/ = g5 + Z Eyo . (121)

The function li.g'iﬁ defined as

{,

m

-1
ERE
[T 2352 - 56 (2432 -3e] - 0

whers

- 3 o _ .1 - o ]

o = )(33311' ka TTF %a° 2 1n{1+ % a%)|. (123)
An extensive table of values for the functlon g~ 1s given in
the text of Herned and Owen (96). The empirically adjustable
term, égxe, where §1 containe the derlivative of B, (equation
120), 1s approximately equal to
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m
%' S'Kva dm (124)
2 |

up to & concentration of about 1 molar.

Owen and Brinkley applied thls extrapoletion formula to
the data of Xrule (89) for sodium chloride, of Geffcken and
Price (78) for potsesium chloride, and of Redlich and Bige-
leisen (79) for hydrochloric scid. In all three cases the
repregentation of the exrerimental data wer excellent,

Wirth and Collier (97) found the extrapolation formula
of Owen and Brinkley, equation 121, to repreeent the apparent
molal volumes of sodium chloride to a concentration of 0.75 N,
of potassium chloride to 1,0 N and of hydrochloric acid to

0.2 N. However the extrapolation eguation in the form

- fy = 2.303 D RY Sr(ﬁ_‘“““"‘?{"ﬁ B> /2,
(125)
L]
2.303 ) Rt Spar 2dne o o 4 e

where

A = )(a‘"/*a}"/2 (128)
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and
©z1-8 ka®+ 42 W a0? . ... ke 21, (127)

wag found to represgsent the data over the entire concentration
range when dln 8°%/3 P was treated as an additionsl adjust-
able peremeter. The values obtalned for Qln 8%/J P appeared
to be wvery reasonable.

The extrapolation formula of Owen and Brinkley, in its
present form, is not applicable to electrolytes of more com~
plex valence types. In the derivation of equation 121, no
conglderation was glven to the extended terms of the Debye-
Hickel theory. These terms must be 1nvaatig&tad more fully
before the formula 1s applied to electrolytes of higher
valence types. In addition, m;re information is needed on
the derivatives O1n a°/JP and Oln D/J P and on the change
in dielectric constant with concentration.

A number of semi-empirical relationships between apparent
molal volumese and certaln other physical properties, and a
number of interesting interpretstions of aprarent molal vol-

umees are dlscussed 1ln s later sectilon of this thesis.



59
ITI. EXPERIMENTAL
A. Method

Ag shown by equatlone 110 and 112, the apparent molal
volumes of solutes are calculated frem the experimentally
determined specific gravities of the solutions.

The method used, in this reesearch, for messuring specific
nated by Lamb and Lee (64) and modified by Geffecken, Beckmann,
and Krule (65), and MacInnes, Dayhoff, and Ray (66).

Thie method consists of determining the current in g
solenoid which 1s juet sufficlent to balance a float of .
known welght, in the golution, through the interection of
the fleld of the solenold with s permanent magnet in the
float. The interaction between the solenold and the perme-
nent magnet 1s empirically cellbrated in terms of the weight
equivalence, wgi, of the current. The flost is welghted so
thet 1t barely sinks in the solution and the magnetlic fleld
1s applied in the opvosing direction.

When the forces acting downward on the float are equal

to those acting upward, we have

W+ ws PV + Iy (128)
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where ¥ 1s the welght of the float; w is the welght of plati-
num added to the float, corrected to its weight in solution;
@, is the density of the solution; ¥ 1s the volume of the
float EQ is the solenold current necesesary to balance the
float, and mﬁé is the factor for converting the current into

1ts weight equivalent. 4n analogous expression
W= v+ 13Y (129)

holde for the seme flost at equllibrium in the pure solvent.
In equation 129, (g is the density of the solvent, and I§
is the solenoid current required to balance the float.

Bolving equations 128 and 129 for P and ’n and taking
their ratio, gives

W+ w-Inl
s.—:-;—;; in (130)
0 w-xgt//

for the specific gravity of the solution.
The welght of platinum w, corrected for the buoyancy
of the solution of density £ ie related to the welght in

vacuo, W', by

w=w(l1- Ca) , (131)
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where d 1e the deneity of the platinum. The welght w 1s
convenlently obteined from equati@hs 130 and 131 by succes~-
sive approxinetions.

It 1s extremely difficult to determine the exact
solenold current necessary to hold the float suspended at
equilibrium in the solution. For this resson, Lamb and Lee
(64) determined the minimum current necessary to make the
float rise, while Geffcken, Beckmann, and Krule (65) snd
MacInnes, Dayhoff, and Ray (66) extrepolated the average rate
of rise to zero veloecity.

A plot of 1/t againet I, where % lg the time required
for the float to rige through a fixed dlstance, was found to
glve an unsatisfactory extrapolation curve with the pregent
experimental arrangement. The curvee were definitely non-
linear, and to obtain the current corresponding to 1/t equal
to zero, required extrapolation over a range equal to or
greater then thet covered by the experimentally determined
points.

Extrapolation curves of &Lﬁf ve. I were found to be
very satisefactory. The curves were linear, except for high
current values, and the range of extrapolatlion wae very small,

The use of the quantity ;Lgf for ex?n&polation purposes

wes based on the following conelderations. Under the



62

influence of the magnetic fleld of the solenold, the equation
of motlon for the float is closely spproximated by

m(a2x/at2) = ¥ [£ (y, %5, By, Bz)] I+ €V - mgd132)

In equation 132, m 1& the mass of the float system (flost
plus added platinum weights); x 1s the distance along the
direction of motion; M is a constant which includes the mag-
netlc coupling factor between the solenoid and the permanent

magnet; X1, 2, /31, and éiz are the angles between the

ends of the permesnent magnet and the top and bottom turns of
the solenoid; £ 1s a function of the cosinee of these angles;
4; ie the density of the liquid; ¥V ls the volume of the float,
end g is the gravitationel acceleratlion. Sinee the distance
through which the float moves is very small compared to the
dimenslons of the solenold, the funoction of the angles, £, in
equation 132 is essentlally constant. Treating this factor
a8 a constant; integrating the equation twice, and solving
for 1/t°, gives

1/t2 = AT + B + vp/(x=x0)t (133)

where 4, B

—

» Yo, end X - x5 are constante. When the initial
velocity, vp, is equal to zero, 1/t2 is a linesr function of
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i within the limitations of the esssumptions msde in the inte-
gration of equation 132. How&var,‘it wag found necessary to
permit the float to rise through a distance of about 3
millimetere before timing 1in order to eliminate uncertain
fluctuatione in the raete of rlse. Ae a reesult, ¥vp, wae not
zero but aporosched zero ae ;[gﬁ became sufficlently smsll,
The resultant curves were linesr except for higher values of
I.

The two typee of extrepolation curves are shown in
Figure 1. Buch extended curves were generslly unnecesgsary,

four or five points being adequate for extrapolation to the

equllibrium current, Ip.
B. Preparction of Msterialse

The rare earth oxides uged in the experimental work
for this thesls, were obtalned from the following sources.
Lenthanum oxide of 99.5 per cent purity and neodymium oxide
of 75 per cent purlty, obtained from Lindsay Power and Light
Company were further purified at the Ames Laborstory of the
Atomic Energy Commission by lon-exchange methode (7,8,9,10,
11,12,13,14,15). The erbium and ytterbium oxides were
separsated from Gadolinite ore by Dr. F, E. Bpedding's Hare
Earth Group at the Iowa Stezte College Institute for Atomic



Figure 1. Extrapolation curves for equilibrium solenold
current
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Research and were purified by lon-exchange techniques. The
Mareh eodium amalgem method (98,99) was used to extract the
ytterbium from luteclum.

The rare earth oxides were snalyzed for impurities of
other rare earthe and of common elements by emission spec~
trography (100). The purities of the oxides, as determined
by Dr. V. A. Fagsel's Bpectrographic Group at the Ames Lab-
orstory are given in Table 1. The 1limit of detection for the
rare esrth elemente wess about 0.02 to 0.03 per cent and for

the common elementsg was about 0.01 per cent.

Table 1. Purity of rare earth oxides

Oxide Analyseils

Lag03 Less then 0.04% Prg0i1, 0.05% CeO,, and 0.02%
ﬁdgﬁ3. 8light traces of iron, calclum, and
megnegium detected prior to three precipltatlions
from scld oxalate solution.

Ndz04 Ne other rare earths or thorium detected,
8light trace of calclium detected nrior %o three
precipitations from acld oxalate solution.

Er50- About 0,05% Hoz05, 0.05% Y203, 0.05% TmyOq, and
7 0.05% Yby0y aetedted. > ey

Y204 Less than 0.1% Lugz0g detected. No other rave
earthe or common eléments detected.
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In order to remove any traces of iron, calcium, etc.,
the rare earth oxalates were precipltated three timee from
acld solutions with recrystelllzed Bsker's Analyzed oxallc
acld, After each precipitstion, the rsre esrth oxalates
were gathered in a fine sintered glass filter, dried at
120°C, and ignited to the oxides at sbout 1000°C.

Solutlione of the rare esarth salte were prepsred by
dissolving the oxidesg in pure acids.

Rare earth salts are thought to hydrolyze sccording to
the following equilibrium:

gett

o oH0 = mEoR)T+ ' . (134)
Accordingly, whenever the solution contains six equivalents
of the desgired anion per mole of rare earth oxide, & emall
portion of the rare earth will be present as the baslc catlion,
and the solution will be slightly acidic.

In preparing the rare earth chloride solutions, the dry
oxidee were added slowly to a slightly less than equivalent
amount of approximately 6 normal scid., The excess oxldes
were removed by filtering the solutione through & fine sin-

tered glass fillter.



68

Due to the hydrolysis, slightly more than eguivalent
amounte of the oxides were dlssgolved. Some oxlde wae also
present in colloidal form.

Aliquote of the solutione were titrated with 0.05 normsl
hydrochloric acid, the pH during the titratlon being followed
with a Beckmaenn Model G pH meter. Typlecel strong acld-strong
base tltration curves were obtained. The egulvalence pointe
were determined from plotes of ( A pE/Aml) ve. the average
volume of titrant added.

The bulk solutions were adjusted to the pH values ob-~
teined from titrations of the aliguots, with & few drops of
dilute acld, and the solutions were refluxed gently for from
two to three hours. Aliguote of these solutlions were then
titrated with approximstely 0.05 normel hydrochloric acid,

In most cases 1t was found necegsary to add a small amount

of dilute base to the aliquote, prior ﬁa titration, in order
te be able to Tollow the titration curve over a sufficlently
extended range. For the concentratione of rare earth salts
used in this work, the equivalence pH for the titration of
the baglc rere earth cations was several units below that of
the strong sclid-etrong base equivelence polnt and there were
no interferences. The bulk solutions were carefully adjusted
to the pH wvalueg determined from titration of the aliquots.

These solutions were found to be very stable and were
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relatively free of colloids as evidenced by very weak
Tyndall effects.

Rars earth nitrate solutions were prepared in analo-
gous manner except that Baker's Analyzed nitric acid was
ueed in place of the hydrochloric acid,

In measuring the gpecific grevities of solutione of
these salts, stock solutione of three concentretions were
used for each eelt. These concentrations were of approxi-
mately 25, 10, and one per cent, by welght. The solutions
prepared by diesolving the oxldes were adjusted to concentra-
tions of about 25 weight per cent by the addition of distilled
water. Theege solutione were analyzed and solutions of ap-
proximately 10 per cent and one per cent composition were
prepared from accurstely welghed amounts of the 25 per cent
stock solutions and of distilled water. These solutione were
stored in volumetric flseke with caps which could be greased
to eliminate the possglbility of evaporation,

The customary method for the analysie of solutions of
rare esrth salts consistes in the precipitation of the rare
earth oxalates and subsequent ignition to the oxides for
welghling. However, the rare earth oxslatee are slightly
soluble due to the formation of complex ions such as RE(C,04)
and RE(Cy04)% (101,102). Thie solubility is negligible for
the light rare earthe but becomes appreclable for the heavy
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raere esrthe resulting in errors in anslyees by the oxalate
precipitation method.

Reéovery experiments were nmade on ytterblum chlorlde
solutlone prepared by dissolving known welghts of freshly
ignited ytterblum oxide in minimum amounte of hydrochloric
acid., Preciplitstion with oxallc acid, filtrstion, and igni-
tion to the oxide gave an average recovery of 98.26t0,14
per cent. Additional experiments were made by the direct
precipitation of the ytterbium oxalate in the cruciblee in
which the oxldee were to be weighed., A elight excess ef}
oxallc acld was added to the sgolution in esch cruclble, and
the semples were evaporated to drynese under infrsred lampe.
The dry residues were moletened with distilled water and a
gemall quantity of nitric acid was added to each crucible.
The sampleg were again ignited to dryness and ignited to the
oxide at about 1000° C., An aversge recovery of 100.008+0,027
per cent was obtalined by thie method. The stock solutione of
all the rare earth salte used in this research were analyzed
by this procedure, The solutions of rare earth chlorides
were eals¢ snalyzed for chloride, by the stendard gravimetric
method. The chloride asnalyses were coneletently lower than
the oxide analyees by about 0.1 per cent. All calculations

were therefore bssed on the oxide anslyees since the



71

titration curves obteined in the preparations of the solu-
tions indicated that equlvslent solutions were obtalned.

The potaseium chloride used in checking the callbration
of the apparatus wes prepared in the following manner.
Beker's Analyzed potessium chloride was reprecipltated from
aqueous solution saturated with hydrogen chlorlide gas. The
galt wae dried in an oven at 110° C. and fueed in platinum
crucibles at about 800° C. under an atmosphere of dry argon.
The potassium chloride solutions wers prepared by adding
welghed amounts of the fueed potagsium chloride to welighed
guantities of distilled water,

The distilled water used in all dilutlons had a specific
conductance of less than 1.0 x 10~ mhos per centimeter. In
every cage, except for one series of measurements on neo-
dymium nitrate solutions, the same sample of water was used

in preparing the stock golutlions and in mseking the dilutione.

C. Apparatus

1. Desecription

A dlagram of the apparatus used in the exrerimentsl work
for this thesle ig given in Figure 2, The letters used in the
followlng deceription refer to the lettering in this dlsgram.



Figure 2. Apparatus for the determination of epecific gravities
of solutions
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For pure wateéer at 25@ C., the coefficient of expaneion
corresponde to a chenge in denslty of about 2.5 x 10“7 grams
per mllliliter per 0.001° ¢. Sinee similar veluee may ﬁe
expected for dilute agueous solutions, 1t was necessary that
the fampev&ture of the &olut;ons be controlled to within one
or two thousandthe of s degree in order to obtaln significant
denglty measurements for solutions at extreme dilution. In
order to obtain the best pogsible temperature control, an
insulated constant temperature bath was constructed.

The basic component of the constant temperature bath
was & 30 gallon stalnless steel contalner, A, This container
had an ineide diemeter of 16 inches and a depth of 27 inches.

Rectangulsr openings, about 4 inches by 7 inchee, in
opposlte sides of the container were fitted with curved
Plexiglees windows, B, These windows were mede water-tight
with rubber gaskete and were held in place by brass frames
placed inside and outside the thin stainless steel walle.

It was found necessary to heat the Plexiglass and form 1t to
the curvature of the container before fastening 1t into places.

The stainlees steel container was placed inside a wooden
box, C, whose dimensione were 28 inches by 28 inches by 30
inches. Thie box had glase covered openings, D, to match
the windows of the inner bath. The gspaces between the

windowe of the container and the windows of the hox were
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framed with plywood, E, and the remsining space, F, was filled
with Zonollte insulating material. A wooden cover, fitted
closely around the stainless steel container, was added to
the box, and the completed unit was placed on a strong wooden
stand in order to bring the windows to a convenient height.

4 thermo-regulator, ¢, and Figure 3, similar to that
designed by MacInnes and Deyhoff (86), was used to control
the tempersture of the bath. & mercury reeservolr, in the
shape of an arc with flve susgpended fingers, was constructed
from 25 millimeter Pyrex tubing. After being fillled with
about 15 pounde of triple distilled mercury, the reservoir
wae "“flamed out" by heating the walls with a flame while the
reservolr wae connected to & vecuum pump. This treatment
re#ulte& in & mirror-like surface for the walls of the
reservolr.

& caplllary tube of about 0.3 millimeter inslde dlameter
was sealed to the reservoir. The uppsr end of thie caplllary
wae sealed to a glass expanelon chember with a cepaclty of
about 15 millilitere,

To complete the rilling of the thsrmo~-regulstor, the
reservolir wae heated until the expansion chamber was about
half filled with mercury and additional c¢lean mercury was
added to the expanslon chamber as the reservolr was allowed

to cool. Thie procedure was repeated until the mercury



Figure 3. Disgram of thermo-regulator
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meniscue wae about the middle of the capillary when the
regulator was in thermal equilibrium with water at 25° C,

4 emell brase packing gland wae sealed to the top of the
expansion chamber through a Kovar geal. The cap of this pack-
ing gland was thresded to fit & number 8-24 gcrew to which
a five inch length of number 28 Chromel-A wire was sllver
soldered, This wire, which extended into the glass capillery,
provided the intermittant contact with the mercury in the
reservoir. The permasnent contact was made through a platinum
wire sealed in the wall of the reservolr.

A small Teflon washer, threaded to fit the sorew, was
used as the packing for the pecking gland. Final adjustment
of the temperature was obtained by raleing or lowering the
wire in thé capillary. |

The electrical contacte from the thermo-regulator were
connected to & Preclsion Sclentific Company electronic relay.
This relay wae uged to sctuste two 350 watt heat lamps which
were the only heating elemente used foé the bath., Only
electronic controllere with rocker~type mercury switches
were found to respond racidly enough to be satisfactory.

In order to have & dry, non-oxidizing atmosphere around
the metsl to mercury contact in the regulator, dried hydrogen
gas was passed through the regulator by means of two tubes

on the sides of the expanslion chamber. VWhen 1t was found
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that the temperature control became less satlefactory after
a brlef period of operation, bubbling bottles, partielly
filled with mercury, were placed in the hydrogen train on
either gide of the thermo-regulator. The passage of hydrogen
through these bottles gave emall surges of pressure whieh
prevented the mercury from sticking in the capillary. With
adequate stirring and proper cooling for the bath, the
regulator was found to control the temperature of the bath
to within £0.001° C. for extended perilods of time,

The cooling weter for the water bath was obtalned from
a small auxiliary bath, H Figure 2, which had an independent
temperature control. The water from this bath, which was
maintained a2t a temperature sbout 3% C. lower than that of
the large bath, was pumped through the cooling colls, I, by
a emell centrifugsl pump, J. The temperature of this bath
wag oontrolled by s Preclslion Sclentific Company Mlcroset
regulator and could be adjusted to compensate for large
changes in room temperature. 7Two hsat lampe were used as
the heating elements for the small bath and the cooling
colls for this bath were connected directly to the cold
water main.

A lerge tubular turbine stirrer, K, was used in the
larger water bath. This stirrer was mounted on & wooden

upright from & heavy stend, entirely separated from the bath,
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eo that the vibrations from the stirrer motor would not be
transferred to the messuring apparatus.

The float, L Figure 2 and J Figure 4, was prepared from
a conlecal Pyrex centrifuge tube of 100 ml capacity. The
float contained a megnetized Cunife rod and was ballasted
with lead shot flxed in place with Pyseal.

The float wae prepared in the following manner, The
lower greduated portion of the centrifuge tube was removed
and a ghort length of Pyrex tublng, of internal dlameter
elightly greater than the diameter of the Cunife rod, was
substituted, A four inch length of 3/16 inch dlameter Cunife
rod, which had previously been magnetized between the pole
pleces of a strong electromagnet, was placed in the tube.

The top of the centrifuge tube was depressed to form a
receptacle for the platinum welghts to be added during the
course of & density messurement, A smell hole was left 1in
the center of the top to permit the addition of the lead

shot and Pyseal. The estimated amount of Pysesl required to
completely cover the lead shot was placed in the float. Vith
the float clamped in & horizontal position, the Pysesl was
melted and allowed to ccol and adhere to the wall of the
float. The float was then placed in distilled water at 25° C.
and lead shot were added until the float sank to the edge of
the opening in the top. With the floet again fixed in a



Figure 4. Disgram of specific-gravity cylinder and
float
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vertical pméitlan, the Pyseal was melted and allowed to
completely f1ll the sgpeces around the lead ghot. The opening
in the top wae sealed and the float was agaln placed 1n dis~
tilled water at 25° C. An additionsl 50 milligram platinum
welght wae required to make the floet sink,

The solution container or speciflic gravity cylinder,
fabriceted from 100 millimeter Pyrex tubing, is shown at M
in Figure 2 and in greater detail in Figure 4, An approxi-
mately 45 degree cone was formed at the bottom of the cylinder
and the top was sealed to the male portion of & Pyrex 103/60
standard taper Joint. The total length of the cylinder wes
14 inches. The eone in the bottom of the cylinder served
two purposes, gulding the float to ite reet position in the
center of the cylinder and alding in the reproducible poel-
tioning of the ecylinder in the supporting frame,

A cap for the specific-gravity cylinder was constructed
from the femsle portion of the 103/60 standard taper. A
2 1/2 inch length of 45 millimeter Pyrex tubing wse sealed
to the larger end of a female 40/50 standard taper. This
was attached in the cventer of the cap, by means of a ring
geeal, with the smeller end of the taper extending inside the
cap. Two three inch lengths of 10 millimeter Pyrex tubing
were also eealed in the cap persllel to the axls of the 45
millimeter tubing, end a 10/18 standard taver male Joint
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was attached to one of these tubes, The opening in the
center of the cap was closed with a removable plug made by
cloeing the smaller end of the mele 40/50 standard tsaper
Joint., The glaes tubing of this plug was packed with glaee
wool and the top was cloged with a rubber stopper.

In order to prevent the top of the float from rising
through the liguid-air interface, s "hold-down' device was
introduced into the oylinder. This device conslsted of a
section of & Pyrex cone 3 1/4 inches in diameter at the bot-
tom and 2 inchee in dlameter et the top. 4n 18 inch length
of 6 millimeter Pyrex rod was attached to the device per-
pendicular to the base of the cone. This rod was pasgeed
through one af‘%ha 10 millimeter glese Subes in the cylinder
cap. A short length of gum rubber tubing was used for a
geal between the glass rod and the 10 millimeter glase tubing.
The hold down ring could be ralsed or lowered by slipping the
glags rod up or down through the rubber seal.

A small spirel type Pyrex stirring rod wss placed in
the ¢ylinder. This rod extended through the Pyrex tubing in
the c¢ylinder cap which terminated in the 10/18 male Joint.
The 10/18 female Joint wae attached to & three inch length
of Pyrex tubing of inglde diameter slightly lerger than the
dliameter of the stirring rod, This Qpr&w ineh length of
tubing was lubricated with Corning ﬁigh Vacuum S8illcone
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Grease and served se a bearing for the stirring rod. This
gresse was found to provide excellent lubrication while
giving an alr-tight sesl, The stirrer was attached to an
adjustable speed electric motor by a flexible coupling of
gum rubber tubing.

The solenoid, shown at N in ?1gure 2 and also in Figure
5, conslsted of 27 turne of number 24 Formvar coated wire
wound on an octagonal shaped frame 6 1/2 inches scross and
6 inehes high. Tn1§ freame war mede from two octagonal Plexli-
glace plates and eight threaded 1/4 inch braess rode. The
plates were cut from 1/4 inch Plexiglses stock and a 17/64
ineh hole wag drilled in esch corner. The plates were
spaced 5 1/2 inchee apart on the thresded brass rods with a
nut on both sidee of esch plate on the rods. A one inch
hole, drilled in the center of the upper plate, was tapered
zd it the conical bottom of the svecific gravity cylinder.
Addlitional holes were drilled in both plates to permit the
free circulation of the water in the bath. |

In preparing the solenoid, the Formvar coated wire was
wound directly onto the frame of brass rods, the thresds
aggleting in obtalining uniform sgpacing of the wires. The
two lead wires were brought out through emall holes in the
top Plexiglaes plate and out the top of the water bath. The



FPigure 5. Diegram of eolenoid and support for specifie
gravity cylinder
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completed solenoid unit waes fastened to the two brass support

" rods, O Flgure 2, ae shown in Figure 5.

The supporting unit for the solencid and specific
gravity cylinder wae made s0 that the entire unit could be
easlly removed from the water bath. Two 5/8 inch brass
rodes, 34 inches long, were attached, at the top, to & tri-
angular brass frame with sidee 14 inchee long. The three
adJustable legs of thie frame rested on the flat surface of
& simllar freme attached to the support rode of the water
bath.

For the proper operation of the apparatus, 1t was neces-~
sary that the gpecific gravity cylinder be rapiacaa in the
game posgltion relative to the solenold esech time after 1t
had been removed for clesning and filling. The large hole
in the upper plate of the solenoild frame provided a means for
locating the bottom of the cylinder. A third Plexiglacss
plate, containing a hole slightly larger than the diameter
of the c¢ylinder, was placed six inchee above the solenold.
This plate wae attached to the top plate of the solenoid
frame with three threaded brass rods and to the two 5/8 inch
support rods with brase clam»ne. A& four inch dleameter gplit
ring clamp, padded with 3/8 inch Tygon tubing was placed
between the support rods five inches above the third Plexi-

glees plate, Thie clamp served the duasl funetion of alding
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in the proper positioning of the cylinder and of holding the
cylinder down ageinst the buoyesnt force of the water in the
water bath. The final vertlcszl alignment of the solenold,
float, and cylinder was obtained by adjusting the legs of
the trisngular supporting freame., With this syetem 1t was
found poesible to replace the coylinder in an exact poeition
each time after 1t had been removed.

The current for the egolenoid was obtalned from a con-
stant voltage eource of direct current constructed in the
Electronice Shop at the Ames Leboratory. The circult dliagram
for thie regulator 1s given in Figure 6.

The electrical circuilt for the eolenoid, Flgure 7, was
very simple. A standard reslstor, a decade box, a 25 ohm
Helipot, and the solencid were connected in series across
the voltage source. A heavy duty double pole-double throw
knlfe switch was wired to reverse the current through the
solenold when thrown to the alternate positions.

With & fixed potential at the voltage regulstor, the
current in the egolenold wae adjusted by varying the resist-
ance of the variable resgistors, the fine ad)ustment being
made with the Hellpot. The current flowling in the solenoid
¢lrcult was determined by measuring the potential drop across
the standard reslstance. The standard resistance consisted

of thrse one ohm Rublcon alr cooled standsrd shunts connected



Figure 6. Circuilt diagram for constant voltage power supply
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Figure 7. Wirling dlagram for solenold clrcuit
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in series. The potentlsl drop scrose the gtandard registance
wes measured with a Rublcon type B rotentiometer standsrdized
againet an Epply etandard cell. The solenoid current was
then obtained from Ohm's law.

The temperature of the water bath wes meacured with &

25 ohm platinum reelstance thermometer and a type G-2 Mueller
Bridge. The resistance thermometer was placed ae close to
the specific gravity cylinder ss possible but wae not placed
in the cylinder, due to & lack of room.

A Gaertner Telemloroscope, shown at P in Figure 2, with
an occular sczle was used to measgure the rate of rise of the
float.

Platinum weights, to be added to the float, were made
from annealed platinum wire. VWelghte of approximately 5, 10,
25, 50, 100, and 500 milligram denominations were constructed.
The 5 milligram and 10 milligram weights were msde from num-
ber 32 wire, the 25 milligram and 50 milligram from numbep
26 wire, the 100 milligram from number 22 wire, and the
500 milligram weighte were made from number 8 wire. These
Qéights were shaped in the form of equilateral trlangleé with
s fourth leg extending upward from the plane of the trisangle,
These weights were coded by meking smell marke on the linesr
portione of the wire., Thue, 1011 indicated one mark on the

portiecn of wire perpendicular to the plane of the triangle,
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no marks on the first leg of the triangle, one msrk on the
second leg, and one mark on the third leg, when the marks
were read in a clockwise direction around the triangle.

This code made 1t posclble to keep an accurate record of the
welghts used for each solution. This wae necessary slnce
the welghts were not of integral values and were welghed in
groupe after the density determinations were completed,

Three analytical type balances were used in connection
with thie work. An Ainsworth type FDJ microbalance was used
to welgh the platinum welghts added to the float. An
Alnsworth type BB analyticael balance wes used for the neces-
sary welghings in analytical procedures, and a 8Beko 2000 gram
capacity solution balance was used in preparing solutions by
welght and for welighing the amounte of etock solutions added
to the specific gravity cylinder, Three sets of welghts
were uped with these balances. An Alnsworth Grade A Pré~
cision Fractional seriee of welghts, from 1 miliigram to
1000 milligram wae used with the microbalance. A set of
Alnsworth Clase 8 certified weights, of nominal valuesg from
1 gram to 100 gram was used whenever larger welghts were re-
guired for the microbalance and for all analytlical welghings.
A set of Bargent Clage 8 lscquered brasg weights, from 1 gram

to 1000 gram was used with the solutlon balance,
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Relatlive humidity wae measured with a Taylor Humldlgulde
end the stmoepheric pressure was meapured with a Foucoult

type mercury barometer.

2., Calibration

Several callibrations were neceesary before the apparatue
could be used for determining the specific gravity of
solutlions,

The eolenold current, 1., necessary to meintain the
floet at eguillbrium in the sclutione was found to be strongly
deendent on the stmospheric pressure. Thie was due, not to
the compressibility of the solution, but to variation in the
volume of the float with changee in the atmospheric pressure.
A callibration factor for this varistion wae pbtalned by
measuring the equilibrium current, I,, for various values
of the atmospheric pressure, P. The data for thie callbra-
tion are glven in Table 2 and are shown graphiecally in Filgure
8. An average velue of AI /AP = 1.08%£0.01 milligram per
miilimeter wae obtalned. The pressure varlgtion covered by
thie callibretion was over a total range of 27.5 miliimeters
of mercury. The average variation in atmospheric pressure
during & serles of gpecifiec gravlity determinations was found

to be about plus or minue 10 millimeters. Table 2 also



Table 2. Calibration data for corrections on eguilibrium
golenoid current

P I a4 In I a I
in mm. in gza. AP 0(733.0) ©

Hg
740,58 146.1 7.5 8.0 1.07 -0,9
?38!9 11'& 63 5~9 5;3 100? "‘115
719.5 124.6 -13.5 14 4 1.07 10.0
?2“'.3 130;3 b 80? e 9;3 1‘07 0-6
739.5 146.0 6.5 7.0 1.16 +0.0
739.5 148, 2 6.5 7.2 1.11 0.2
740.6 147.6 7.6 8.1 1.07 -0,2
741.2 148, 2 8.2 8.8 1.08 0.4
72804 13509 had i‘"né el 14'09 1906 O&9
733.9 140.0 0.9 1.0 1.11 0.0
7414 147.6 8.4 9.0 1.07 -0, 4
741.1 147.0 8.1 8.7 1.07 «~0.7
726.1 131.9 - 6.9 =~ 7.4 1.07 0.3
745, 8 153.0 12.8 13.7 1.07 0.3
748.0 153.3 13.0 13.9 1.07 0.4
738.0 144.0 5.0 5.4 1.08 ~0.4
720.8 127.1 -12.2 -13.1 1.07 1.2
726.0 131.2 - 7.0 - 7.5 1.07 -0.3
73503 1“’1»0 2.3 305 1«6? "‘0'5
73,4 140.3 1.4 1.5 1.07 -, 2
Aver-ge 1.08 +0.5

+0.01

8Corrected to P = 733.0, the mean pressure for the
gerlies of messurements.



Figure 8, Variation in equilfbrium solenoid current
with pressure
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containe values of the equillibrium current, EA, corrected to
733.0 millimetere, the mean pressure for the serles of
measurements. The average devistion in the equillbrium cur-
rent of €0.5 milliamperes corresponded to an uncertainty of
t2.5 x 10~7 in the specific gravity.

A second calibration was necessary to evaluate the fac-
tor, 4&;. for the conversion of the equilibrium solenoid
currents f@ their weight equivalents. Thle factor was ob-
tained from measurements of the equilibrium currente required
with various total weights of platinum added to the float.
The conversion factor was evaluasted as { = 5,254 ¥ 0.020
milligrams per milliampere. In general, the equllibrium
solenoid current wasg less than 300 millismperes o that the
uncertainty in the factor {/ waes not eufficlent to introduce
serious errors.

The stirrup welghts of the microbaslance and the set of
Alnsworth fractional microbelance welghts were callbrated by
the Richerd's substitution method (103). Thie calibration
wae referred to the value of the one gram weight from the
Ainsworth Class 8 certified set of weighte.

As & finel check on the calibration of the apﬁaﬁatué,
apparent molal volumes of acueous solutions of potaseium
chloride at 25° C. were measured. The densities and apparent

molal volumes obtained for potassium chloride are given in
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Teble 3 and shown graphically in Figure 9. Apparent molal
volumeg of potassium chloride as obtalned by Geffcken and
#rice {78), Kruie (89), and MacInnes snd Dayhoff (104) are
shown in Figure 9 for comparison. The apparent molsl vol-

umeg obtained from the measurements in thls laboratory were

Table 3. Denslties and apparent molal volumee of potaseium
chloride in agueous solution at 25° C.

] C!% P gv
0,0073477 0,085719 0.9974 240 27.002
0.014282 0.119508 0.9977538 27 . 048
0.021085 0.145207 0,9981711 27.131
0.027121 0.164885 0.9983619 27.180
0.0327673 0.18101 0.9986287 27.185%
0.063825 0. 25264 1.0000955 27.295
0.091028 0.30171 1.00137k5 27.392
0,142 0. L4879 1.0065289 27.694
0.31232 0.55886 1.011668 27.908
0.41865 0.64703 1.016564 28.083

in excellent sgreement with those obtalned by Geffcken and
Price and by Xruls, but differed conelderably from those
obtained by Maclnnes and Dayhoff for the more dilute

golutions.



Figure 9. Apparent molal volumes of potassium f:hlcriée in
agueous solutions at 25°C.
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P, Procedure

The procedure followed in measuring the specific
gravitiee of solutions msy be briefly described as follows.

Prior to making the meassurements for solutions of sach
rare earth salt, the apparetue was thoroughly cleaned. The
specifle gravity cylinder, cylinder cap, hold down ring,
stirring rod, and weight burette were cleaned with hot dai-
chromate c¢leaning solution. These were then rinsed repeat-
edly with distilled water and were allowed fo stand in
distilled water for & period of eeveral houre, after which
they wers dried and placed in the temperature-controlled
balance room. The float wase washed in & dilute solution of
sodium hydroxide contalning & small amount of Aerosol, rinsed
with distilled water, washed in & dilute solution of hydro-
chloric aclild, and rersstedly ringed wilth dlstilled water.
The float was then placed in a large desiccator contalning
Anhydrone, which was put in the balance room, VWhen the float
wag thoroughly dry and was in thermsl equilibrium with the
balance room, it was weighed on an analytical balance. The
float was then pleced in & covered container filled with the
distilled water uged in prepsring the solutione and placed
in the thermostated weighing room. It was found that 1T
the float was allowed to stand in the aistilleé;wat&r for
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several hours and wae wet when placed in the distilled water
in the specific-gravity cylinder, there waes less tendency for
small air bubbles to adhere to the walle of the float.

In order to prevent aegassiﬁg of the water and solutions
when they were placed in the water bath at 25° C., the tem-
perature of the balance room wae maintained at approximately
26° ¢. For higher temperatures, considerable difficulty was
encountered due to condensation of water vapor along the
upper wall of the epecifle-gravity cylinder when it was
placed in the water bath at 25° ¢, The apparatus, solutions,
and dietilled water were sllowed to come to thermal equilib-
rium with thls room before being welighed.

Distilled water was welghed directly in the gpecific-
gravity cylinder on the Seko solutlion baslance. The empty
specific gravity cylinder and cover were welghed, Aporoxi-
mately 800 grame of dlestilled water were added, and the wet
float wae lowered into the ¢ylinder. The cylinder, water,
float, and cover were welghed and the welght of water found
by‘difference. All welghts were corrected to vacuo.

The hold down ring and the glaess stirring rod were
placed in the cylinder, the 103/60 standard taper Jolnt was
greased with Lubrisesl snd the cylinder cap was placed in

paQ;tion. The eylinder was then placed in the constant
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temperature bath, and the gtlirrer was attached to the small
variable speed electric motor.

& minimum perlod of two hours was allowed for the dlis-
tilled water in the epecific-gravity cylinder to come to
‘equilibrium with the congtant temperature bath., The equilib-
rium solenold current, for the float in distilled water, was
measured, The water was etirred and the squilibrium current
was ageln measured, Since the equilibrium solenoid current
for dietilled water was fundamentsl for all the calculations
for & geriee of solutions (eguation 130), the measurements
were repeated until the results were constent to within +0.5
milliamperes over extended perlods of time. The atmospheric
pressure, at the time of each measurement, was recorded so
that the proper correction could be made.

An eppropriate quantity of approximately one per cent
stock solutlon of the rare earth szlt was welghed into the
cylinder from a welght burette., The resulting concentration,

2, of the sclution in the cylinder was given by

wP ,
Pzyios (135)
where P, was the weight per cent concentration of the stock
solutlion, w was the welight of etock solution added, and ¥

wag the welght of distilled water initislly in the cylinder.
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The solutlon in the cylinder was stirred in order to obtaln
& homogeneous concentration and thermal equilibrium. Plati-
num welghte were pdded to the float until & solenold current
of from 80 milllamperes to 300 milliamperes would cause the
float to rlse at & measurable rate. In order to prevent the
trapping of air bubbleg, the welghts were heated in a emsll
ges fleme Just prior to being added to the float, and the
welghte added for each solution were recorded by the code
vreviously described. The equilibrium solenold current was
determined. The solution wasg thoroughly stirred, permitted
to stand for about one hour and the current was agein deter-
mined, Agre:ment of these messurements to within t0.5
milliamveres wae tsken as esvidence that the golutlon was
homogeneous aﬁ& wag in thermsl equilibrium with the water
bath.,

Addltional portions, sufficlent to give solutlons of
the desgired concentrations, of the approximately one per
cent, 10 per cent, and 25 per cent stock solutions were
weighed into the cylinder. For each esolution, the necessary
amount of platinum weight was added and the equilibrium
solenold current wae determined.

The amount of platinum to be edded for sach solution
wae estimated from a plot of the weight of platinum, w, vs.

the concentration, P. This plot was linear, within the
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aecuraey,éequiraﬁ for estimating the welght to be added, and
passed through zerc at zero concentration. The welght of
platinum required for the firet solution was found by trial,
and the approximate welghte required for the remainder of the
golutione were egtimated from the line &eterﬁiu&d by the
welght added for & solution of this concentration and the
zero intercept, It was gen&r@lly poesible to estimate the
proper amount of platinum to within £10 milligrams.

On completion of the measuremente on & series of eolu~
tionse, the epecific-gravity cylinder was removed from the
water bath for clesning and refllling. The weights were
removed from the float, washed in dilute nitric scid, rinsed
in dlstilled water, and lgnited to red heat in a gas flanme.
The welghts were weighed in groups, each group being made up
of the weights added to the float for one concentration of
golution. 1In this manner, the total weighing error was
smaller than would have been posgible by summing the
individual weights.

The speciflic gravity for each solution was calculated

by succesgsive aporoximetions from the eguations

g0+ w-Io¥y (136)
W- I3y
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and
wz w'(l - ©/a) . (137)

The moler concentration, g, was obtalned from the weight

per cent, P, and the density, © , by use of the relationship
oz d03E (138)

where M2 le the molecular welght of the solute.
The apparent molal volumes were calculated by use of

equation 112,
E. Resulte

Bpecific gravities of agueous eolutions of four rare
earth chlorides and of four rare earth nitrates were deter-
mined by the procedure previously described.

From the specific grevitlee end the known concentrstions
of the solutions, the aspperent molal volume fy, was calcu-
lated for each concentration by mesne of equation 112,
Empirical eguations of the form given by ecuation 107, con-
taining five sdjustable parameters, were fitted to the data

on the apparent molal wvolumes for esnch salt. From these



110

equations, the partisl molal vnlume,yig, wa8 obtzined by use
of eguation 108, This operation regulted in an emplirlcsl
equation for the partisl molal volumes of each salt.

The specific gravities, g [E g+ apparent molal volumes,
,El* and partiasl molal volumes, Eﬁw for aqueous solutions of
the rare earth chlorides are given in Tebles 4 through 7.
The partisl and apparent molal volumes for the chlorldes are
shown graphically 1n Figures 10 through 13. Theoretical
limiting slopeg for the apparent and partial molal volumes
are shown in the figures as short straight lines labeled
g end ¥y respectively. |

In the tables, the concentratione are given in moles of
solute per 1000 grams of water. The quantity'ga s the dif-
ference between the experimentally determined apparent molel
volume, for & solution of the given molal concentration, and
the aprarent molal volume ag calculated from the empirical
equation given below the table. The empirical equation for
the partisl molal volumee of each salt is slso glven below
each table. The apparent and partlal molal volumes are given
in cublic centimeters per mole. The values for the specific
gravities are given to only glx decimal places for the more
concentrated solutions, Hydrostatic preaaure corrections

would have been necessary in order to obtain the seventh



Table &4,

&;’;ecific gravities, apparent molal volumes, and vertisl molal
volumes of lanthanum chloride in squeous solutions at 25° c.

= b

| /2 & g v
B m ,
o v calg. a A 2
0.0010079 0.031747 1.0002324 14.8 14.92 -0.12 15.41
0.0060338 0.077677 1.0013816 156.35 16. 20 +0.15 17.16
0.011564 0.10753 1.0026400 17.01 16.88 +0.13 18.04
0,021850 0.14782 1.0049727 17.68 17.68 to.00 19.01
0.043068 0.20753 1.0097570 18.83 18.64 -0.01 20.13
0.081550 0.28557 1.018379 19.63 19.85 -0.02 21.35
0.13642 0.369135 1.030573 20.62 20.61 +0.01 22.67
0.20020 0. 44744 1.0b4626 21.50 21.48 +0.02 2, 0k
0.26290 0.51274 1.058325 22.22 22.25% -0.03 25,21
0.33836 0.58169 1.074861 23.00 23.03 -0.03 26.29
Aversge t0.05
80y = 13.8639 + 736.044 ml/2 - 87.540 m + 134.52 m3/2 - 75,634 m2,
V2 = 13.8639 + 54.065 ml/2 - 175.08 m + 336.31 w32 - 226.90 m2,

1Tt



Figure 10. Partisl and aspparent molal volumes of
lanﬁggngm chloride in agueous solutions
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Table 5. Epecific gravities, apparsnt molal volumes, and partiel molal
volumes of neodymium chloride in agueous solutione at 259 C.

1/2 e 'a “h
m m / 4 ) ¥,
o v 01X, A 2
3;0019068 0.043687 1.9&8#55@ 11.3 11.3% ~ﬁ,ﬂ# 11.77
0.0035523 0.059601 1,&9@8@38 11.7 11.85% +3,08 12.25
0.0057770 0.0768007 1,3913?85 12.04 11.98 +0.08 12.67
0.013893 0.11787 1.00330587 12.70 12.71 -,01 13.73
0.022808 0.15102 1.0084145 i3.22 13.2? ~0,05 14,50
0.059781 0. 24450 1.014089 14,70 14.67 +0.03 16.37
6.11433 0.33813 1.026795 15.90 15.88 +0.02 17.92
0.16258 0.40321 1.037953 16.83 16.64 -0.01 18.89
0.20852 0.45864 1.048514 17.20 17.22 ~-3,.02 19.67
0.24922 0.49922 1.057825 17.66 17.67 -0,01 20.31
0.2927°2 0. 54039 1.067553 18.14 i8.11 +0,03 20.96
0.35220 0.59347 1.081188 18.67 18.87 +06,00 21.88
Aversge t0.03
8, = 10.455 + 21.129 mi/2 - 17.55% m + 5.7320 m3/2 + 5,3420 m2,

7

10.455 + 31.69% mi/2 - 35,108 m + 14.330 m3/2 + 16.028 m2.

yTT



Figure 11. Partial and apparent molal volumes of
neodymium chloride in agueous solutions
at 259 C.
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Table 6. Specific gravitles, apparent molal volumes and partisl molal volumes
of erblum chloride in aqueous solutione at 25° C.

| /2 7 g Py 7P
i} m -

» Co AR AU S
0.0013548 0.036808 1.0003496 15.6 12.59 i 12.96
0.0051332 0.071646  1.0013364 13.25 13.23 +0.02 13.86
0.012211 0.12211 1.0038698 k.01 14.03 ~0.02 1k.89
0.024682 0.15711 1.0063926 14, 53 14,51 +0.02 15.58
0. 044390 0.21069 1.011k6s 15.19 15.20 -0.01 16.49
0.083929 0.28970 1.021579  16.16 16.15 +0.01 17.89
0.13393 0.36596 1.034279 17.08 17.01 -0.07 19.35
0.18634 0.k31e7 1.0&2313 17.81 17.83 -0.02 20.25
0.26177 0.51163 1.066414 18.67 18.65 ~-0.02 20.96

Average +0.02

By = 11.804 + 23.292 wl/2 - S4.438 m + 116.22 m¥/2 - 93.172 m2.
b¥o = 11.804 + 34.938 ml/2 - 108.88 m + 290.55 /2 - 279.52 m2.

H

41T



Figure 12. Partisl and apparent molal volumes of
erbium chloride in aqueocus solutions
at 25° C.
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Figure 13. Partlal and apparent molal volumes of
ytterbium chloride in agueous solutions
at 25° C.
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figure, which due to the uncerteinties in the concentrations,
was not slgnificant for these solutlons.

Data on the egpecific gravitles, apparent molal volumes,
and partial molel volumes of solutione of the rare earth
nitratec are tabulated in Tebles 8 through 13. The apparent
and pertial molal volumes of the nitretes are shown graphi-
cally in Pigures 14 through 17.

| Three series of messuremente were made on neodymium
nitrate solutions. The date glven in Table 9 {run number
one) and in Table 10 (run number two) were obtsined from
nessurements using the same stock solutions of neodymium
nitrate. The distilled water used in making the dilutions
in run number one wee from the same sample of water used in
preparing the stock solutions, wheress, the water used in
meking the dilutions for run number two wae from & second
sample of water. Data given in Table 11 (run number three)
were obtained from & eecond series of neodymium nitrate
stock solutions. The same gample of distilled water was
used 1in prepering the stock solutione and in making the
dllutions.

The data glven in Tables 9 and 11 were used to evaluate
the parémetera in the empirical equation for the apparent

molal volumes of the neodymium nitrate solutions.



Table 8.

Epecific gravitlies, spparent molal volumes, and partisl molel
volumee of lanthanum nitrate in agueous solutions at 25° C.

» nl/2 e, Py g.® A v’
Calic.
0.0016268 0.040334 1.0004477 49.9 50,00 -0.1 50.87
0.00484386 0.069596 1.0013258 51.29 51.09 +0. 20 52.11
0.0070899 0.084202 1.0019394 51.45 51.49 -0, 04 52.60
0.015612 0.12495 1.0042530 52.46 52,42 +0.,04 53.67
0.032556 0.18043 1.0088315 53.35 53.41 -0.06 5h.87
0.059182 0. 24327 1.015985 gk by 5h.41 +0.06 56.39
0.074284 0.27256 1.019982 55.01 54,90 +0.11 57.20
0.12520 0.35384 1.033430 56.21 56.26 -0.05 59.541
0.22172 0.47088 1.058493 57.92 57.81 +0.11 58.67
Aversge +0.09
8y = 48.307 + 52.961 ml/2 - 224.87 m + 3586.07 m3/2 - su4 .48 m2.
bY, = 48.307 + 79.442 m1/2 - 449,75 m + 1465.2 n3/2 - 1623.4 m2.

XA



Figure 14, Partial and apparent molal volumes of
lanthenum nitrate in aqueoue eolutions
at 259 ¢.
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Table 10.

Specific gravities, apparent molal volumes, and partial mslal

volumes of neodymium nitrate in aqueous solutions at 25° C.

ran number Iwo

m ﬁl/ 2 Q/ e 0 ﬁv ﬁ?a A %‘:«?_b
cale.
0.0012637 0.035830 1.0003592 g, 2 45,98  +0.22 46.70
0.0051126 0.071503 1.001hk62 17 .49 47.31  +0.18 48. 55
0.011278 0.10526 1.0031783 48.65 48.39  +0.26 49,99
0.19445 0.13945 1.0054557 49, 59 4940  +0.19 51.30
0.0h1426 0.2035k4 1.0115043 51.22 50.98  +0.2k 53,32
0.076555 0.27669 1.021172 §2.77 52.52 +0.25 55,34
0.11771 0.34309 1.032335 54,00 53,77  +40.23  57.13
0.17917 0.542680 1.058802 55.33 554k -0.11 59.87
0.2586 0.50857 1.069810 56.61 56.59  +0.02 61.79
hverage t0.19
&g, = 4b. bbb + 16.171 ml/2 - 95,234 m + 147.50 w32 - 91.923 w2,
'b—.

Bh bk + 69.256 m/2 - 190.47 m + 368.74% m3/2 - 275.77 mZ.

XA



Table 11.

Specific gravities, apparent molal wvolumes, and partisl molal
volumes of neodymium nitrate in aqueous solutions at 252 C., run

nunber thres

n wt/2 e, Py Py A 2
csle.
0.0012393 0.035204 1.0003528 Ls, 8 Ly 98 ~-0.16 Lg.66
0.003524% 0.0%89451 1.0009998 46.7 Lg. 88 -0.18 47,96
0.012172 0.10943 1.0034298 48,48 48,52 -0. 04 50,15
0.022695 0.15065 1.006366%4 46,90 49,70 -0.10 51.87
0.039961 0.19990 1.011152 50.80 50,90 ~0.10 53.18
0.071466 0.26733 1.019790  52.26 52.33 -~0.07 54,98
0.11723 0.34239 1.032277 53.66 53,74 -0,08 56.84
0.17740 o0.kz120 1,048399 50,98 55,14 ~0.18 58.75
0, 27193 0.52148 1.073355 56. 58 58.74 -0.186 60.686
Average ~0.13
&g, = h.hih + 46.171 mi/2 - 95.234 m + 147.50 w2 - 91.232 m?.

H

bbbl + 69,256 m1/2 - 190.47 m + 368.74 w32 - 255.97 m2.

821



Filgure 15. Partisl and apperent molal volumes of
neodymium nitrate in aqgueous solutlons
at 25° C,
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Table 12.

Specific gravities, apparent molal volumes, and p&rti&l aaalal
volumes of erbium nitrste in agueous solutions at 25°

1/2 ¢ 7P
m m ;
Co Pr obTe. A 2
0.000967372 0.031044 1.0002959 4.3 Le, 24 +0.086 46,52
0.0034672 0.058883 1.0010361 L6 .69 he. 74 -0.05 b7.26
0.011424 0.10688 1.0034914 k7,57 47,58 +0.01 48,45
0.020437 0.14298 1.0062330 48.08 48,14 -0.06 49,26
0.034725 0.18635 1.010559 48.77 48,80 -0.03 50.14
0.067084 0.25901 1.020300 49.75 49.76 -0.01 51.35
0.10936 0 33070 1.032931 50.59 50.58 +0,01 52:53
0.15716 23%5@3 1.0b7098 51.28 51.25 +0.03 gg
0.21845 +67 39 1.065087 52.05 51.95 -0.10 36
Aversge +0.04
By, = 45.679 + 18.327 /2 - 2.6032 m - 41.929 m3/2 + 53.567 m2.

H

b2

45.679 + 27.491 m+/2 - 5.2063 m - 104.82 372 + 160.70 m2.

TET



Figure 16. Partlal and apparent molal volumes of
\ ;x;gi\ém nitrete in agueous eoplutions at
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Table 13.

Speciflec gravitieeg, sppsrent molal volumes, and partial molsl
volumes of ytterbium nitrate in aqueous solutions et 25° C.

1/2 Y & v L
m m r
¢ o Py cgfc. FAY 2
0.00098479 0.031382 1.0003091 5.1 iy, 3k +0.76 bl gl
0.0039407 ©  0.082775§ 1.0012379 b, 95 Li,93 +0.02 bg 82
0.0095753 0.097853 1.0030024 s, 50 Lsg g7 ~0.07 4e.4h
0.018736 0.13688 1.0058586 b, 24 heg. 25 -0,01 47.38
0.034522 a 15&86 1.010760 7,00 47.02 -0,02 48 .40
0.070976 0. 1.022008 48.08 48,10 -0.02 ho,72
0.11126 0.33356 1.034344 L8.85 Lg.86 ~0.01 50.59
0.16509 0.40631 1.050700 49, 59 L9, 57 +0.02 51.52
0.21017 0.4 5844 1.064275 50.17 50.08 +0.09 52.39
Average +t0.10
8¢y = 43.726 + 19.590 /2 - 2.9351 m ~ 50.955 m3/2 + 65.590 m2.

Y, = 43.726 + 29.386 ml/2 - 5.8501 m - 127.39 m3/2 + 196.77 m*.

HET



Figure 17. Partiasl and apparent molal volumes of
ytterbium nitrate in aqueous solutions
at 259 C.
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A gecond empirical equation,
g, = 44.821 + 37.791 n¥ - 43.580 m + 27.988 m¥/2 , (139)

was found to represent the dats for neodymium nitrate solu-
- tions ressonably well but not ae accurately as the five
parameter equation. Partial molal volumes for neodymium
nitrate, as determined by the use of equation 139, are also

shown in Figure 15.
F. Experimental Eprrors

The accuracy with which the epecific gravitiee and the
apparent molal volumes can be determined is fixed by the
errors in the messurements of & number of experimental quaﬁ~
tities. The apparatue, as previously described, was desligned
to minimize these errore as much as possible, The experimen~
tal errors in certzin of these gquantities had a negligible
influence on the epecific gravities and apparent molal
volumes over mogt of the concentration range studied; how-
ever, the effect of errors in some of the measurements
varied graatly with the concentration of the solutions.

The quantities on which the apaaific gravity and apper-

ent molal volume depend are: the temperature, I, the
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concentration, ¢, the weight of the float, ¥, the welght of
platinum, w, added to the float, the equillibrium solenold
current, Ig, and the calibration fsctor W . The influence
of fluctuations in the temperaturs was dlscuseed in connec-
tion with the deseription of the spparstus and amounted to
an uncertainty of about +2.6 x 107 in the gpecific gravity.
The uncertainties in the speciflc gravity, 8, and the appar-
ent molal vaiﬁme, @y, due to uncerteinties in the experimental
guantitles listed above, may be determined by differentiating
equatione 130 and 112 with respect to these guantities.
Eguation 113, nsmely,

agy = =2900 4g (113)

gives the uncertainty, 4y, in the apparent molal volume due
to the error, 48, in the speclflc grevity. The influence of
uncertainties in the various quantities on the specific
gravity, 8, wlll first be examined and these will be related
to the uncertainties in gy through equation 113.

The abesolute veluee of the uncertalntise in the gpecific
gravity due to errors in the various experimental quantlties
are shown in Figure 18, and the correeponding uncertainties

in the apparent molsl volume are shown in Figure 19,



Figure 18, Variations in d8 with concentration due
to uncertainties in values of experimental
quantities
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Figure 19, Variations in |dg| with concentration due
to uncertsinties in values of experimental
quantitles
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Differentiation of equation 130 with respect to the
weight of the float, W, glves

where D 1s equal to W - Ig ﬂ and N 1s equal to VW + w -1, U/,

Bince D - N increases negatively with increasing concentra-
tion, the sbeolute value of the error in 8 due to the
uncertainty, 4¥, in the welght of the float incresees with
increaeing concentration. For erblum chloride solutions, an
apparent uncertainty of +5 milligrams in the welght of the
float leads to errors in the specific gravity ranging from
zero at infinite dilution to t3 x 106 at 0.3 molar. The
influence of this error on the apparent molal volume ig al-
moet constant at dfgy equal to 0.01l cubic centimeters over
the same concentratlion range. This 1s due to the fact that
D - N 1s very neasrly a linear functlion of the concentration,
80 that the substitution of aqﬁaticn 140 into equation 113

gives

ag, = - 20002 fonetke gy, (141)
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The effect on the gpecific gravity, B, of errors in the
weight, w, of the platinum weighte 1s obtalned by differenti~

R

ating equation 130 with reepect to w., Thus
as = §¢ . : (142)

The probable uncertainty of +0.01 milligrems in the welghing
of the platinum weights leads to an uncertainty of about

+9 x 108 in the specific gravity. The resulting uncertainty
in the apparent molal volume 1ls apprecliable only for ex-
tremely dllute solutions, There ig an additional uncerteinty
in the weight of the platinum arising from the uncertsinty
in the deneity of the platinum weights. The weight of
platinum, w, corrected for the buoyancy of the solution, 1s

given by
w=w (1~ f/a) (143)
where w'! 1g the weight of the platinum in vacuo, f 1& the

density of the solution, and & is the denslty of platinum.
Differentiation of equation 143 with respect to 4 gives

dw = - %% ata) . (144)
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A velue of 21.428 t 0.002 grams per cubic centimeter for the
density of annealed platinum wire, ss determined by Maclnnes,
Deyhoff, and Ray (68), was used in all calculations. This
vaelue is in excellent agreement with that obtained by
Kahlbaum and Sturm (105). The error in £ due to the un-
certainty in the density of platinum increasses with incresasing
eoncentration. For a 0.26 molar erblum chlorlde sclution, 48
is equal to 13.5 x 10~7. The effect of the uncertainty in
the density of platinum on the apparent molal volume is
negligible over the entire concentration range studled,
Differentiation of equation 130 with respect to the

equlllibrium solenold current, I, gives

v
a8 = 5 Wﬁzg *Zn Wdfﬁ

= ' (145)

The maxlimum error will sriese when the errors inlgg and‘éﬁ

are in opposite directions. Substituting 4I§ = - 4l and

N = D gives

O
ag =~ &‘359. (114'5)

An uncertainty of 0.5 milliamperes in the equilibrium
solenoid current gives an uncerteinty in S of about +5 x 10-7.

The error in the partiasl molal volume, fy, due to this
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uncertainty in the current, incrsases very rapidly with
decressing concentration for solutions of concentration
less than about 0.01 molar,

The uncertainty in the specific gravity due to the
uncertainty in the callbratlon factor W _is obtained by
differentistion of equation 130 with respect to ¥ , which

glves

a5 = NIy - DI,ay

~2 : (147)
Substituting N & D gives
a8 .@3__’%}‘1‘/ = . A%QV . (148)

The maximum value of _4 I was about 300 milllamperes and
4k wae about £2 x 1077 grams per milliempere. Substitu-
tion of these valuee into eqguation 148 gives a value of
t5 x 1077 for d8. The uncertalinty in the apparent molal
volume due to the uncertainty in the calibration factor,
AML, inereases rapidly with decressing concentration for
extremely dilute solutions.

The most serioue limitation on the accurate determina-~

tions of the aprarent molal volumes was due to the
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uncertainties in the concentrations of the solutions, These
uncertainties were due to two factors, the limitation in the
precision of the eanalytical method used, and errors made in
weighing quantitlies of stock solutions inte the cylinder.
The uncertalntles in the apparent molal volumee resulting
from errors in the concentrations of the stock solutions
were about t0.10 to £0.15 cubic eentim@tars per mole, The
uncertainties due to errors in the weighte of etock solution
were estlimated to be less than +0.05 cubic centimeters per

mole.
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IV. DISCUSSION OF RESULTIE

The errore involved in the datarminatisn of apparent
and partisl molal volumes were dlscussed in the oreceding
section of this thesie. The largest error, that due to un-
certainties in the concentrations of the solutions, limited
the accuracy in the messurement of these quantities to about
+£0.15 cublc centimeters per mole. Fortunately, the change
in the partisl and spperent molal volumes between neighboring
elements was sufficiently large to show seignificant changes
above the errors in the measurements.

In general, the pertial and apparent molal volumes of
the rare earth sslte, as determined from thls research, were
found to deviate msrkedly from the gimple limiting laws,
equations 97 and 104, at very low concentrations. The
limited smount of date now avallable seeme to indicate that
the heavy rere earth salte show greater deviation from the
l1imiting slopes for the partial and apparent molal volumes
than do the galts of the lighter rare esrths. This change
1g in the direction to be expected from the increasing ex~
tent of hydrolysis and greatsr facility of lon-nalsr formatlon
with increasing atomlic number.

Comparison of the experimentally determined values of

the aprarent and partisl molal volumee, at moderate
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concentrations, with the values predlcted by more general
theoretical equations 1& not poseible at the present stage
of lnvestigation. In the theorstical section of this thesis,
& number of the difficulties arising in the theoretical
treatment of solutione of unsymmetrical polyvalent electro-
lytes were discussed. The effect of such factorse as the
higher order terms of the complete solution of the Polsson-
Boltzmann equation on the apparent and partial molal volumes
cannot be determined until further information 1s avallable
for & number of partisl differential coefficlente. Ae a
result, extrapolation formulas such as that derived by Owen
and Brinkley (95), equation 121, cannot now be employed.
Rare earth salts of the types investigated in this re-
search might be expected to exhiblit considerable assoclation
of the Bjerrum type (5). From equation 82, g is seen to
equal 10.5 angetroms for 3~i type electrolytee. The average
value of the mean distance of closest approach, g9, is about
5.7 angetrome for the rare esrth chloridee (22), and 4.5
~angstrome for the three rsre earth nltrates for which data
are available (24). These are well within the limite for
which assoclatlion might be expected. If assoclation of
this type ils present, the effect was not spvarent in the
date for the asctivity coefficlents which were found to be

in excellent sgreement with the Debye-~Hickel theory up to
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concentrations of about 0.1 molar (106). Again more data
are ne=ded for a number of partial differential coeffilclents
before the theory caen be compared with the experimentally
determined values for spparent and partial molal volumes.
There ie no simple correlation between the partial or
appar@nt'malal volumes, as determined in this study, and
the mean distances of closest approach, 8%, as determined
from measurements of activity coefficiente. Thie is, perhaps,
to be expected, The quantity a° is defined precisely but
is tresated se an adjustable parameter in the activity co-
efficlent equations. 4As & consegquence, little significance
can be attached to thm‘@xaat numerical veluesrobtalned,
although, for the rare earth ealte, they are of the order
of magnitude to be expected for the gum of the crystal lonic
radll nlue the dlameter of a water molecule. Furthermore,
partial and aprerent molal volumee depend on volume changes
throughout the solution as a whole while the mean distances
of closest aporoach result from interionic forces which may
have only gecondary effecte on volume changes in the solvent,
Empirical equations of the form given by eguation 107
were used for the calculation of the partiel molel volunes.
Extrapolations to infinlte dilution by equations of thie
type 4o not yleld se acourate values as may be obtained by

the uge of theoreticsl extrapolstion formulss. However, in
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the absence of the proper theoretical eguations, the em-
piriecal equations were used to obtain the values of the ap-
parent molal volumes at infinite 4ilution. The additivity
of these limiting velues 1g surprisingly good consldering
the errors introduced by the uncertainties in the concentra-
tions of the solutions and the uge of empirical equations
for the extrapolations.

The apparent molal volumes of the rare esrth salte at
infinite dilution do not vary regulerly with atomlic number.
For both the chlorides and the nitrates, the limiting value
of the apparent molal volume of the neodymium salt falls
between the values for the erbium and ytterbium galte. The
epparent molal volumee of neodymium nitrate in solutions of
moderate concentrstlons are larger than the apparent molal
volumes of erbium nitrate at the same concentr:tions. At
lower concentrationsg the values for neodymium nitrate cross
over the valueeg for erblum nitrate to reach a limiting
value between those of erbium nitrste and ytterbium nitrate,.

The irreguler change of apparent molel volumees at in-
finlte dilution with atomic number may result from a change
in the hydretion number of the rare earth lons. As the ions
become larger, with decressing atomic number, & second co-

ordination number may become poesible, resulting in an
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equllibrium being established between rare earth lons having
different coordinstion numbers. There is cryetallographie
evidence for & change in the hydration of rere esrth sslts,
in crystal form, in the neighborhood of praseodymlum, and
x-ray measuremente on lanthanum sulfate enneahydrate (107)
have shown that oxygen coordination numbers of 9 and 12
exist for lanthenum ions in the game crystal. In dilute
golutione, where the positive and negative lone are separated
by greater dlstences than in the erystal, 1t is poesible
that the larcer coordination number may be carried forward
for one or two additional elements.

The exact effect, on the apparent molasl volume, of a
change in the coordination number of the rare earth lons
cannot be predicted. However, if the volume of a soclution

is given by
‘ 0
V= Vsolute + n1V1+ A VHaQ ’ (149)
where Vgninte 18 the volume of the solute, exclusive of the

volume of the hydration water, and AVI»{ZQ is the change in

volume of the water, then from equation 99,

Py = Vgorutet 8 Vim0 - - (150)



152
At infinite dilution,

o _ .
Pv = Yoolute * 4 VR0 (151)

where Vgojute 18 the volume occupled by one mole of solute
and Zlvﬁgg 1s the net chenge in the volume of the water re-
sulting from the addition of one mole of solute to an in-
finlte quantity of water. The volume occupled by the solute
is unknown., However, for & given coordination number,
vgggﬁtg and- A v§ o should vary emoothly with changes in
jonic redii, while & change in coordination number may
result in discontlinuities in both quantities with the major

change occurring in ZSVﬁag. Thue, if lone of some rare earths

caen exist in solution with two coordination numbers and others
with only one, the apparent molal volumes &t infinlte dilu-

tion should fall into two serleg. Furthermore, slnceAAvﬁza

18 negatlive, an inecrease in the absolute magnitude of this
guantity with an increase in coordlnation number for the
lighter rare earth lons would lead to a predicted behavior
in gualitative agreement with the experimental results.
Apperent molal volumes increase more rapldly with con-
centration for neodymium nitrate and lanthanum nitrate than
for the other rare earth salte studlied. Thles may also be

due to an equilibrium between lanthanum ions or neodymium
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lons having two coordination numbere. The chloride ions,
being roughly of the same size as the water molecules, should
be able to dlsplace a water molecule from the hydretion shell
of a cation without greatly disturbing other water molecules
in the shell. The more bulky nitrate lon should have a
greater sterlc effect on the water moleculee of the ions
with the larger coordination number, driving the equllibrium
in the direction of the gmaller coordination number. A& a
result of thie change in ecuillbrium, the apparent molal
volumeeg would tend to shift toward the higher values to be
expected for the emaller coordination number. The larger
coordination number should be more stable for the lanthanum
lon than for the neodymium ion and the shift in the apparent
molal volumes of lanthanum nitrate should be less pronounced.

At the wnresent time, there are not sufficlent datas for
definite conclusions to be'rsaehed. The proposed explanation
of the espparent anomelies in the apparsnt molal volumes leads
to quaelitative spreement with the experimental results, but
additional dsta are needed for other rare earth salts before
this explanation can be verified or an alternstive one
propoged,

A number of other properties of solutions of rare earth
salte also exhiblt irregularitiee in the neighborhood of

neodymium. Equivalent conductances at infinite dilution of



154

rare earth chlorides (19,22), bromidee (21), nitrates, sul-
fatee, and perchlorites (za)ychange slowly from lanthanum
to neodymium and decreasse rapldly beyond neodymium., Similar
behavior was observed for the transference numbers of rare
earth ohlorides (106).

Bince the spparent molal volumes depend strongly on the
interaction of the lone and the sclvent, it might be reason-
able to expect that apparent anomallse in the spparent molal
volumes should be reflected in such propertlies as the heats,
free energles, and entropies of solution and the heats, free
energles, and entroples of formation of the hydrated lons.
At the present time, datz on these properties are too limited
for comparison., Furthermore, the volume effects may arise
from different sarrangemente of the water molecules which are
nearly equivalent in energy and entropﬁ. In ¢his case the
apparent anomaliee should not appesr in the other thermo-
dynamic properties,

Additionel information which might be correlated with
data for the partisl and spparent molal volumee might be
obtained from Raman spectra of the solutions, from ultra-
sonlc interferometry, and from measurements of diffusion
coefficients. A very vergatile Raman spectroscope and re-
corder have recently been described by T. F. Young (108).

Raman spectra may vrovide some informstion on the sirength
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of lon~pair or complex lon formation between the rare earth
lon end the anion present in the solutlion. In addition, some
1dea of the extent of the cationlc hydration might be obtained
from the frequency shifte and changes in intensities of cer-
tain lines arising from the water molecule. BSome studlies of
the Ramen effect in aqueous solutlons of raere earth salte

have Dbeen reported in the literature, but the studleg should
be extended to include salts of the heavy rare earths.

A recent review on the effects and uses of ultrasonle
waves was glven by Barnartt (109), and a simple technique
for the maaaufament& of diffusion coeffilclents has been
degeribed by Harned (110).

There are a number of interesting empiricel and semi-
empirical relations wﬁich here been appllied to partial and
apparent molal volumes. As data are sccumulated for more
rare earth salte, 1t would be of intereet to see how the
apparent molal volumes fit into the divisions, such as that
made by Fajans and Johneon {(111), of the apparent molal
volumeg into apparent lonic volumes. Data for the apparent
lonic volumes of the cationes might then be used in a study
of the applicability of the glngle parameter activity co-
efficient equation derived by Stokes and Robinson (112,113).

The extension of specifilc gravity measurements to other

rare eerth sslts might be facllitated by a change in
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apparatus. The magnetically controiled quartz fiber balance
can be made extremely mensitive (114). A displacement buldb
constructed ae an integral part of the balance arm would make
such & balsnce an 1desl tool for the measurement of specific
gravities since the entire balance can be placed inside the
solution chamber, 4An errengement whercby a small number of
welghte could be added or removed from the bhalance, as re-
quired, would remove one of the most time consuming steps of
the present procedure, Thie apparatus would be ideslly
suited to the extension of measurements to higher concentra-
tione esince the balsasnce can be constructed in quite smsall

dimensions.
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V. BUMMARY AND CONCLUBIONS
A, EBummary

An apperatus for the preclese determination of the epe-
cific gravities of solutions was constructed and cslibrated,
This apparatus was an adaptation of that originated by Leamb
and Lee (64) and modified by Geffcken, Beckmenn, and Krule
(65) and MacInnes, Dayhoff, and Ray (66), and consleted es-
sentially of & well thermostated constant temperaturse bath
and & magnetically controlled float.

Srnecifiec gravitles were calculated by successive apvroxi-

mations from the equations

s= P ¥t w-L¥V 130
/704 T (130)

and
w=w! (1- ?/apt) . (131)

where the various quantities are as defined on page 59.
Apparent molel wvolumes were calculated from the

equation
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As & final check on the calibration of the apparstue,
the apparent molal volumes of potassium chloride in aqueous
solutions at 25° C. were determined. The values obtalned
for the apparent molal volumes were found to be in excellent
egreement with those obtained by Geffcken and Price (78) and
Kruis (89). The aprarent molal volumes of potessium chloride
are glven in Table 3 and shown graphically in Figure 9.

Specific gravity measurements were made on agueous
golutione of lanthenum, neodymium, erbium, and ytterbium
chlorides and nitrates at 25° ¢. The concentration range
covered was from about 0.001 molar to about 0.3 molar,

Apparent molal volumes of the rare easrth salts were
calculated from the specific gravitles by means of equation
112,

Empirical equations of the form

g, a + /2 + om + am¥/2 + xkm? (107)

were fitted to the dats for the apparent molal volumes of
each salt. These equations were used for extranclations to
infinite dilution, and for the caleulation of the vartial

molal volunes.
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Partial molel volumes were calculated from the empirlcal

equation for each sslt by use of the relation

s o
¥, = mtﬁ?%%)@,?,n; + Py - (108)

This operation resulted in empirical eguations of the form

o

Voza + (3/2)md/2 + 2em + (5/2)&m3/2 + 3km® (109)

for the partial molal volumes of each salt. The empirical
equationg for the apparent and partial molal volumes are
given under the table of dats for each salt.

A tentetlive interpretation of two apparent snomalies

in the apparent molal volumes was given.
B. Conclusions

1. The apparent and partiasl molal volumes of the rare
earth salts in agueous solutions show significant
devliatione from the limiting laws at low concentra-
tlone. The devliations from the limiting slopes
appear to be greater for the heavy rare eerth salte

than for salte of the lighter elements.
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The experimentally determined velues of the
apparent and partial molal volumes cennot be com-
pared with the values predicted by more general
theoretical equations until data are avallable for
seversl partial differentiasl coefflcients intro-
duced in the theoretical development.

The apparent molal volumes ¢f the rare earth salte
at infinite dilution appear to fall into two series.
Datz obtained in thie investlgatlion seem to indlicate
that lanthenum and neodymium salte sre members of
one series while erbium and ytterblum salts belong
to a second seriles. The appearance of two series
can be explained qualitatively by assuming an
equllibrium to exlst between rare earth lons having
different coordination numbere. Thls tentative
explanation may be verifled or invszlidated as
further data are accumulated.

Apparent molal volumeg increase more raplidly with
increassing concentration for lanthanum nitrate and
neodymium nitrete than for the other salts investi-
gated. An equilibrium between lons having different
coordination numbers wag suggeeted as a possible
explanation of the change in the limiting apparent

molal volumes with atomic number. If such equilibris
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exist, the behavior of lenthanum nitrate and neodym-
ium nitrete may result from shifts in the equilibris
for the larger lanthanum snd neodymium ions in the
presence of nitrste lone.

Messurements of partial and apparent molal volumes

should be extended to include more rare earth salts.

" The salts studied in this investigatlon were chosen

to provide & preliminary survey of the series, Had
these salts been restricted to a more limited range
of the rere earth serlee or exclusively to either
the nitratee or the chlorides, 1t is probable that
some of the more interesting results would not have
been obeerved. However, the distribution of the
eight salts between the light and heavy elements
and between the chlorides and the nlitrates leaves
large gape in the date. It is particularly
important that data be obtained for rare earth

salts between neodymium and erbilum.
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